Q-FANO THREEFOLDS OF LARGE FANO INDEX, II 



YURI PROKHOROV 

Abstract. We classify Q-Fano threefolds of Fano index > 2 and big 
degree. 



1. Introduction 

This work is a sequel to our previous papers |Pro07j . [ProlOj . Recall that 
a three-dimensional projective variety X is called Q-Fano threefold if it has 
only terminal Q-factorial singularities, Pic(Jf) ~ Z, and its anticanonical 
divisor — Kx is ample. In this situation we define Fano- Weil and Q-Fano 
indices as follows: 

qW(X) := max{g G Z | — K x ~ qA, A is a Weil divisor}, 

qQ(X) := max{g G Z | —Kx ~q qA, A is a Weil divisor}, 

where ~ (resp. ~ Q ) denotes linear (resp. numerical) equivalence. Clearly, 
qW(X) divides qQ(X). Another important invariant of a Fano variety X 
is the genus g{X) := dim | — K x \ — 1. It is known that 

(1.1.1) qW(X), qQ(X) G {1, . . . , 11, 13, 17, 19} 

(see [Suz04j . [Pro 101 Lemma 3.3]). Moreover, in [ProlOj we proved the 
following result. 

1.2. Theorem. Let X be a Q-Fano threefold with q := qQ(X) > 9. Then 
q = qW(X) and C1(X) ~ Z. 

(i) Ifq = 19, then X ~ P(3, 4, 5, 7) . 

(ii) Ifq = 17, then X ~ P(2, 3, 5, 7) . 

(hi) // q = 13 and g(X) > A, then X ~ P(l, 3, 4, 5) . 

(iv) If q= 11 andg{X) > 10, then X ~ P(l, 2, 3, 5). 

(v) g ^ 10. 

In this paper we study Q-Fano threefolds with 3 < qQ(X) < 9 and 
"sufficiently big" genus. Our main result is the following. 

1.3. Theorem. Let X be a Q-Fano threefold and let q := qQ(X). 
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(i) If q = 9 and g(X) > 4, then g(X) = 18. In this case, X ~ X 6 C 
P(l,2,3,4,5) and £/ie equation of X 6 , in suitable coordinates, can 
be written as X\X^ + x 2 x 4 + x\ = 0. 

(ii) If q = 8 and g(X) > 10, t/ien either 

(a) X ~ Xg C P(l, 2, 3 2 , 5) and the equation of Xq, in suitable 
coordinates, can be written as xix$ + xsx' 3 + x\ = 0, or 

(b) X~X 10 cP(l,2,3,5,7). 

(iii) Ifq = 7 and g(X) > 17, ffcen X ~ P(l 2 , 2, 3) . 

(iv) If q = 6 and g(X) > 15, then X ~ X 6 C P(l 2 , 2, 3, 5) and tae 
equation of X 6 , m suitable coordinates, can be written as x[x 5 + 
x\ + x\ + Xx\x 2 + /ix^ = 0. 

(v) Ifq = 5 andg(X) > 18, then X ~ P(l 3 , 2) or X 4 C P(l 2 , 2 2 , 3). 

(vi) Ifq = A and g(X) > 21, taen X ~ P 3 or X 4 C P(l 3 , 2, 3) . 

(vii) J/g = 3 and g(X) > 20, taen X ~ X 2 C P 4 or X 3 C P(l 4 , 2). 

The following consequence of our theorem was inspired by discussions 
with Jiirgen Hausen. 

1.4. Corollary. Let X q be the class of all Q-Fano threefolds X with 
qQ(X) = q > 3 and let X q G X q be a Q-Fano threefold of maximal genus 
g(X). Then X q admits an effective action of a torus of dimension > 2. 

In proofs we use a computer computation based on the orbifold Riemann- 
Roch theorem and Bogomolov-Miyaoka inequality. It gives us 472 possible 
candidates of Hilbert series of Q-Fano threefolds with qQ(X) = qW(X) > 3. 
The most essential part of the paper is to disprove some cases or to show that 
some particular Q-Fano threefold is isomorphic to a certain hypersurface in a 
weighted projective space. Here we use techniques which is a generalization 
of Fano-Iskovskikh "double projection" method. It was adopted to the 
singular case by Alexeev |Ale94] (see also [Pro07j . [ProlOj ). The method 
can be applied in many other cases. For example we prove the following. 

1.5. Theorem. Let X be a Q-Fano threefold. 

(i) If qQ(X) = 7, g(X) = 17, and -K\ = 7 3 /10, then X ~ X 6 C 
P(l,2 2 ,3,5). 

(ii) The case qQ(X) = 8, g(X) = 10, and -K\ = 8 3 • 2/45 does not 
occur. 

Note however that typically our method works for Fano threefolds having 
sufficiently many anticanonical sections. For another approaches we refer 
to [RS03] . [BKRIOj . 

The progress in the classification of Q-Fano threefolds of Fano index > 3 
is summarized in the following table (for simplicity we assume here that the 
group C1(X) is torsion free): 
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qW(X) 



3 4 5 6 7 8 9 10 11 13 17 19 



# candidates 231 124 63 11 23 10 2 1 3 2 1 1 

of which do not occur 12 11 11 2 7 5 1 

of which exist 13 10 9153203211 

of which exist and 4 33122101111 

completely described 

In this table the second row shows the number of admissible baskets of cor- 
responding Fano index according to [GRDj . |BS07j . [Pro]. In the third row 
we indicate the number of candidates which do not occur as Q-Fano three- 
folds. This is according to this paper and |Pro07] . The fourth row shows the 
number baskets for which we know examples of Q-Fano threefolds. Here all 
known Fano threefolds are of codimension < 3 in some weighted projective 
space [GRDJ, [BS07]. The last row shows the number baskets which are 
completely investigated: we know the explicit description of corresponding 
Q-Fano threefolds according to |San96j . this paper, and [Pro 10] . 

Codimension 4 Q-Fano threefolds of were investigated in [BKR10] under 
an assumption that the Fano index equals to 1. The authors proved that in 
many cases a codimension 4 basket can be realized by at least two different 
deformation families of Q-Fano threefolds. There is a hope to adopt this 
method to Q-Fanos of higher Fano index. Note however that it follows from 
our main theorem that the following codimension 4 candidates do not exist: 

• qW(A) = 7, B(X) = (2,2,8), A 3 = 1/8, jGRDl no. 41482], 

• qW(A) = 6, B(X) = (7), A 3 = 2/7, [GRTJl no. 41468], 

• qW(A) = 4, B(X) = (5), A 3 = 4/5, [GRDl no. 41356], 

• qW(X) = 3, B{X) = (5), A 3 = 8/5, [GTlDl no. 41225]. 

Acknowledgments. This paper grew out of a talk given at the "Higher 
Dimensional Birational Geometry" workshop at the University of Warwick 
during my visit in June, 2010. I would like to thank the Warwick Institute of 
Advanced Study for the support and Professor Miles Reid for the invitation, 
hospitality and his interest in current computation. 



2. Preliminaries 

2.1. Notation. We work over the complex number field C throughout. 

B(X) denotes the basket of a terminal threefold X, 
C1(X) denotes the Weil divisor class group, 
p(X) := rkPic(X), 

g(X) := dim | — Kx\ — 1, the genus of a Fano threefold X, 
P(ai, . . . , a n ) is the weighted projective space, 
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X d C P(ai, • • • , a n ) is a hypersurface of weighted degree d. 

2.2. We will use systematically a computer computation based on the orb- 
ifold Riemann-Rich theorem |Rei87 j and Bogomolov-Miyaoka inequality (see 
|Kaw92j ). The algorithm is explained in [BS07] and |ProlCH Proof of Lemma 
3.5]. It allows us to find all possible baskets and Hilbert series of Q-Fano 
threefolds with qQ(X) = qW(X) > 3. The corresponding computer pro- 
grams can be found in the Graded Ring Database |GRD] (MAGMA code) 
or on author's homepage |Pro] (PARI code). Note that we may assume that 
-K\ < 125/2 and the equality holds only for X ~ P(l 3 , 2) jPro07j . 

To apply 12.21 we typically have to show that the group Cl(X) is torsion 
free. This can be done by using the following. 

2.3. Lemma (cf. |Pro07[ Prop. 5.3]). Let X be a Q-Fano threefold with 
qQ(X) > 3. Assume that Cl(X) contains an element £ of order n > 1. 
Then there exists a Q-Fano threefold Y such that qQ(X) divides qQ(Y) 
and —K Y > —nK x . Moreover, 

g(Y)>n(g(X)-l)-3. 

Proof. Similar to the proof of |Pro07t Prop. 5.3]. □ 

2.4. Construction. We use notation of [Pro 10] . Let A be a Q-Fano 
threefold and let A be an ample Weil divisor whose class generates the 
group C1(A)/~ Q . Thus we have — Kx ~q qA. 

In the construction below we follow |Ale94j . All the facts are explained 
in [ProlOj . so basically we omit proofs. Let ^ be a mobile linear system 
without fixed components and let c := ct(A, be the canonical threshold 
of (X,^&). So the pair (X, c^&) is canonical but not terminal. Assume 
that —{Kx + c^#) is ample. Let f : X X be & K + c^-crepant blowup 
in the Mori category so that X has only terminal Q-factorial singularities, 
p{X/X) = 1, and 

(2.4.1) K x + cJ = f*(K x + c^). 

Here the exceptional locus E C X is an irreducible divisor. 

As in |Ale94] . run K + c^-MMP on X. We get the following diagram 
(Sarkisov link of type I or II) 

x--*x 

(2.4.2) 

X X 

where the varieties X and X have only Q-factorial terminal singularities, 
p(X) = p(X) = 2, / is a Mori extremal divisorial contraction, X —■> X is 
a sequence of log flips, and / is a (not necessarily birational) Mori extremal 
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contraction. In particular, p(X) = 1. Let be a Weil divisor on X whose 
class generates C1(X)/~ Q . 

If the linear system \kA\ is not empty, everywhere below we denote by 
Sk G \kA\ a general member. In all what follows, for a divisor (or a linear 
system) D on X, let D and D denote strict birational transforms of D on X 
and X, respectively. 

We can write 

(2.4.3) f*S k = S k + (3 k E, 

(2.4.4) K x = f*K x + aE, K x + Jt + a E = f*(K x + Jt), 

where (3k > and a, ao > 0. If ^ = \kA\ = \Sk\, then ao = 0k — oc. 
Note that the divisor — K x = — f*(K x + c^#) is nef outside of a finite 
number of curves on X. The same holds for —Kx- 

2.4.5. Lemma ( |Prol0t 4.2]). Let P E X be a point of index r > 1. 
Assume that ~ —mKx near P, where < m < r. Then c < 1/m. 

2.5. Assume that / is not birational. Then X is either a smooth rational 
curve or a del Pezzo surface with at worst Du Val singularities and p(X) = 1 
[MP08j. We also have f(E) = X. If moreover Cl(X) is torsion free, then 
X ~ P 1 , P 2 , P(l 2 , 2), P(l, 2, 3), or DP^ 4 , where DP^ 4 is a Du Val del Pezzo 
surface of degree 5 with p = 1 (see Proposition 12. 8p . The following obvious 
computation will be used frequently throughout the paper. 



X 



dim 1 1 



p i p2 p( 1 2 )2 ) P(l,2,3) DP^ 4 
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2.6. Assume that the contraction / is birational. Then X is a Q-Fano 
threefold. In this case, denote by F the /-exceptional divisor, F C X its 
proper transform, F := f(F), and q := qQ(X). For a divisor /) on A, we 
put D := f*D. Write Sk ~ Q s^© and E ~ Q e6, where and e are non- 
negative integers. One can see that E ^ F. Thus e > 0. Clearly, Sk = 
if and only if Sk = F. In particular, Sk > if 5*^ is moveable. Similar to 
(12.4.41) we write 

(2.6.1) K x = f*K x + bF, Sk = rS k -ikF } E = f*E-5F, 
where b, 5, 7^ are non-negative rational numbers, and b > 0. 
2.6.2. Lemma. If f is birational and a < 1, then g(A) < g(A). 
Proof. Let J$? := \ — Kx\- Similar to (12.4. 4p we can write 
K x + J# + a' E = f*(K x + Jf?) ~ 0, 



where a' > —a > — 1. Since Kx + Jf? is Cartier, we have a' G Z and ag > 0. 
Hence, — If^ ~ + a' Q E and so dim | — K x \ > dimJif = dimJtf. □ 

2.6.3. Lemma ( |Prol0t 4.12]). Assume that C1(X) is torsion free and the 
map f is birational. Write F ~ dA. Then C1(X) ~ Z © 7L n , where d = ne. 
If additionally s\ = (i.e., S± is f -exceptional) , then C1(X) is torsion free 
and e = 1. 

2.7. Lemma ([K aw05] ). Let X 3 P be a threefold terminal point of index 
r > 1 with basketB(X, P) [see [Rei87j ) and let f : (X D E) ->■ (X 3 P) be a 
divisorial Mori extraction, where E is the exceptional divisor and f{E) = P. 
Write K k = f*K x + aE. 

(i) If X 3 P is a point of type other than cA/r and r > 2, then 
a = 1/r. 

(ii) If X 3 P is of type cA/r and~B(X,P) consists of n points of index 
r, then a = a/r, where n = mod a. 

Proof. The assertion (i) immediately follows by |Kaw05j Theorems 1.2 and 
1.3]. Assume that X 3 P is of type cA/r and a > 1/r. Again according to 
|Kaw05t Theorems 1.2 and 1.3] the point P e X can be identified with 

{ Xl x 2 + <j>{x r 3 , x 4 ) = 0} C C 4 /Mr(l, -1, b, 0), 
so that / is the weighted blowup with weights (ri/r,r 2 /r,a/r,l), where 

• a = bri mod r, and T\ + r 2 = mod ra, 

• (a — bri)/r is coprime to r±, 

• (f) has weighted order (r\ + r 2 )/r with weights (a/r, 1), 

• the monomial x ^ 1+72 ^ a appears in <p with a nonzero coefficient. 
Then a = a/r. In our case x% appears in <fr with a nonzero coefficient. 
Hence, (r\ + r 2 )/r = n and so n = mod a. □ 

2.8. Proposition. Let Z be a del Pezzo surface of degree 5 with only Du 
Val singularities. The following are equivalent: 

(i) Pic(Z) ~ Z, 

(ii) C\{Z) ~ Z, 

(iii) Sing(Z) consists of one Du Val point of type A±, 

(iv) — K z ~ 5L /or some Weil divisor L. 

Moreover, such Z is unique up to isomorphism and isomorphic to a hyper- 
surface of degree 6 in P(l, 2, 3, 5). 

Proof. Almost all assertions are well-known (see e.g. |Fu86t §3]). It is 
easy to see that a general hypersurface Z 6 C P(l, 2, 3, 5) satisfies the above 
property (iv) . Since Z is unique up to isomorphism, it should be isomorphic 
to Z 6 . □ 

The del Pezzo surface Z as above we denote by DP^ 4 . 
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2.8.1. Lemma, (i) Let Z = DP^ 4 and let be a generator ofCl(Z). Then 

dim |tO| = t — 1 for t — 1, . . . , 4 and dim |tO| = t for t = 5 and 6. 

(ii) Lei Z = P(l, 2, 3) and Zet 6e i/ie positive generator of Cl(Z). Then 

dim |i0| = £ — 1 /or £ = 1, . . . , 5, and dim |60| = 6. 

Proof. Follows by the orbifold Riemann-Roch formula [Rei87j Theorem 9.1] 
and Kawamata-Viehweg vanishing. □ 

The following fact is a consequence of computer search (see I2.2j) , degree 
bound -K\ < 125/2 |Pro07j . and [ProlOl Th. 1.4]. 

2.9. Proposition. Let X be a Q-Fano threefold with qQ(X) = qW(X) 
and let A G Cl(X) be such that -K x = qW(X)A. 

(i) If qW(X) > 8, then dim \A\ < 0. 

(ii) IfqW(X) = 7 and dim\A\ > I, then X ~ P(l 2 , 2, 3). 

(iii) If qW(X) > 4 and X is singular, then dim \A\ < 2. 

(iv) Ifdim\A\ > 2 and qW(X) > 5, £/ien X ~ P(l 3 ,2). 

3. Case q®(X) = 9 

Let X be a Q-Fano threefold with qQ(X) = 9 and g(X) > 4. By 
[ProlOl Proposition 3.6] we have B(X) = (2,4,5) and Cl(X) ~ Z. Fur- 
ther, dim \kA\ = 0, 1, 2, 4, 6 for k = 1, 2, 3, 4, 5, respectively. Thus there 
are irreducible divisors Sk G for = 1,2,3,4,5. 

First we prove the following. 

3.1. Proposition. The pair (X, |4A|) is canonical. 

Proof. Put ^ := |4A| and assume that (X, is not canonical. Apply 
construction (I2.4.2p . In (12.4.41) we have < Oq = 04 — a. Hence, 

04 > a, 0i > -0 4 > ~a, 02 > ~04 > 

Further, for some a» G Z we can write 

Kx + 9S l + a x E ~ 0, 

(3.1.1) Kz+Sx+AS* + a 2 E ~ 0, 

Kx + S 4 + S 5 + a 4 £ ~ 0, 

where 

ai = 9/?i - a > 50i > 0, 

(3.1.2) a 2 = /3i+4/3 2 -a > ft + 2(3 2 > 0, 
a 4 = 04 + 05 — a > 05 > 0. 

3.1.3. Claim. f(E) is a point of index > 1. 
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Proof. Assume that f(E) is either a Gorenstein point or curve. Then a and 
/3k are integers, so a 2 > 4. If / is not birational, then restricting (13.1. ip to 
its general fiber V we get a contradiction (otherwise — Ky is divisible by 
some integer > 02). Hence, the contraction / is birational. From the second 
relation of (I3.1.ip we have q = s\ + 4s2 + «2e > 8. Then by |ProlO| Th. 1.4] 
S2 t^q © (because dim \S 2 \ > 1), so s 2 > 2. Therefore, q > 13 (see (jl.l.ip ). 
Using |ProlO[ Prop. 3.6] we get successively s 2 > 3, q > 17, s 2 > 5, and 
q > 19, a contradiction. □ 

3.1.4. From now on we assume that f(E) is a point of index r > 1, where 
r = 2, 4, or 5. By Lemma [2.71 we have a — l/r. 

3.1.5. Claim. X is not a surface. 

Proof. Assume that A is a surface. Restricting (13. 1 . 1 p to a general fiber 
/ _1 (pt) ~ P 1 we see that the divisors S\ and S 2 are /-vertical and S\ ~ /*©. 
Since dim \S\\ = 0, X is either P(l, 2, 3) or DP^ 4 (see 12.51) . Moreover, since 
a 4 > 0, Sk is also /-vertical for k = 4 or 5. Then Sk ~ A;5i ~ kf*Q. In 
this case, 2fc — 4 = dim |<Sfe| = dim |/cO|. We get a contradiction by Lemma 
I2XT1 □ 

3.1.6. Claim. A is not a curve. 

Proof. Assume that X ~ P 1 . Then by (I3.1.ip divisors Si and S2 are /- 
vertical, S4 and S5 are /-horizontal (because S4 and 5*5 are irreducible and 
dim 1 54 1, dim j^l > 1), and / is generically P 2 -bundle. In this case, 3 = a± = 
9/?i — a. Since a = 1/r, we have r/?x = (1 + 3r)/9 ^ Z, a contradiction. □ 

From now on we assume that / is birational. Then 

(3.1.7) 9si + a x e — si + 4s 2 + a 2 e = 54 + 35 + a 4 e — Q- 

3.1.8. Claim, q < 8. 

Proof. Assume that q > 9. Then the group C1(A) is torsion free by Theorem 
11.21 Since a = 1/r, we have g(X) > g(A) = 18 by Lemma [2.6.21 and q < 13 
(see [ProlO| Table 3.6]). Again from |ProlO| Table 3.6], using inequalities 
dim I £4 1 > dim \4A\ = 4 and dim|S , 5| > dim|5A| = 6, one can obtain 
successfully 

q >9 =^ S4 > 4, s 5 > 5 =>- q > 11 =>• s 4 > 5, S5 > 6 

=^> g = 13 =>• s 4 > 6, s 5 > 8 a 4 < 0, 
which is a contradiction. □ 

3.1.9. Corollary. Si = 0, e = 1, s 2 = I, a\ = q, a 2 = q — 4. 

3.1.10. Corollary. r = 5 and A ~ P(l 2 , 2, 3). 



Proof. By (13.1. 2p we have q — a\ — 9/3i — 1/r, r/3i = (qr + l)/9. Since r/3i 
is an integer, there is only one possibility: r = 5 and q = 7. Hence, s 2 = 1. 
The group C1(X) is torsion free by Lemma [2.6.31 Then the second assertion 
follows by Proposition 12.91 because dim|0| > 1. □ 

Now we are in position to finish the proof of Proposition 13.11 Since 
dimjS'sl > 6, s$ > 3. Similarly s 4 > 3. From (13 . 1 . 1 p we get = 1, 
S4 = S5 = 3, i.e., S4 ~ S*5 ~ 30. Note also that dim \Ss\ = dim |36| = 6, so 
I S5 1 = \5A\ is the birational pull-back of |30|. 

By Corollary 13.1.91 Si is the /-exceptional divisor and by (I2.6.ip we have 

K x + 7S 2 = f* (K x + 7S 2 ) +(b- 7 72 ) Si = {b- 7 72 ) 3l 

Pushing this relation to X we get 6 = 5 + 772 > 5. In particular, f(Si) is a 
smooth point [Kaw96] and so b, 5, and 7^ are integers (because K^, E, and 
Sk are Cartier at f(Si)). Since Bs |30| is contained in the singular locus of 
X ~ P(l 2 , 2, 3), 75 = 0. On the other hand, 

K x + 7 -S 5 = f* U x + 7 -S 5 ) + (b- ^75) § x =(b- \ 



Hence, 8/3 = b — 7j 5 /3 = b, a contradiction. Proposition 13.11 is proved 
completely. □ 

3.2. Now by Proposition 13.11 the pair (X,^f) is canonical. Then a gen- 
eral member M G ^ is a normal surface with only Du Val singularities 
[Ale94t 1.12, 1.21]. By the adjunction formula —K M = 5A\ M and K 2 M = 5. 
Therefore, M is a del Pezzo surface of degree 5. By Proposition 12.81 we have 



M ~ DP5 4 ~ M 6 C P(l,2,3,5). Then the statement of Theorem O 
follows by the following. 

3.3. Theorem (hyperplane section principle, [RciJ, cf. [Mor75j . 
[San96] ). Let R be a graded integral domain, and let 7^ xq € R be a 
graded element of degree ciq. Let R := R/(xq). 

(i) Let xi,...,Xk be homogeneous elements that generate R, and 
x\, . . . , Xf. 6 R any homogeneous elements that map to x±, . . . , x~k G 
R. Then R is generated by xq, x±, . . . , x^. 

(ii) Under the assumption of (i) ; let f\, . . . , f n be homogeneous genera- 
tors of the ideal of relations holding between Xi, . . . , xj.. Then there 
exist homogeneous relations ft, ■ ■ ■ , f n holding between 

in R such that the fi reduces to fi modulo Xq and fx, ■ ■ ■ , f n generate 
the relation between x , xi, . . . , x n . 

4. Case qQ(X) = 6 



Using I2T21 one can get the following computation. 
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4.1. Lemma. Let X be a Q-Fano threefold with qW(X) = qQ(X) = 6 and 
g(X) > 15. Let —Kx = QA. Then the group C1(X) is torsion free and we 
have one of the following cases: 









dim \ kA\ 




B 


A 3 


\A\ 


\2A\ 


\3A\ 


Ml 


\5A\ 


1 ~K\ 


1° 


(7) 


2/7 


1 


4 


8 


14 


22 


32 


2° 


(5) 


1/5 


1 


3 


6 


10 


16 


23 



4.2. Let X be a Q-Fano threefold with qQ(X) = 6 and g(X) > 15. First we 
assume that is torsion free. General case will follow by Lemma 14.41 below. 
In particular, qQ(X) = qW(X). Thus X is described in Lemma [4.11 We 
will show that the case [F] does not occur. The case [23 was considered in 
|San96] . It can also be treated by the method of S|3j 

4.3. Case [B We have 

(4.3.1) K x + 6Si + a x E ~ 0. 

Put j$ := \A\. Near the point of index 7 we have A ~ — QKx and j$ ~ A ~ 
— 6Kx- By Lemma [2.4.51 we get c < 1/6. So, /3i > 6a and ai = 6/?i — a > 
35a > 5. Therefore, the contraction / is birational and q > 11. Moreover, 
/(i?) G X is a cyclic quotient singularity of index 7 and a = 1/7 by |Kaw96j . 
Lemma [2771 Taking Lemma [27672] into account we obtain g(X) > g(X) = 31. 
This contradicts Theorem 11.21 

4.4. Lemma. Let X be a Q-Fano threefold with qQ(X) = 6. Assume that 
the torsion part of C1(X) is non-trivial. Then g{X) < 13. 

Proof. Assume that g(X) > 14. By Lemma 12.31 there is a Q-Fano three- 
fold Y with Cl(Y) ~ Z, g(Y) > 23 and whose Fano-Weil index qW(Y) is 
divisible by 6. This contradicts the above considered case[F]and fll.l.ip . □ 

5. Case q®(X) = 8 

5.1. Lemma. Let X be a Q-Fano threefold with qQ(X) = qW(X) = 8, 
g(X) > 10 and A 3 ^ 4/91. Let -K x = 8A. Then the group Cl(X) is 
torsion free and we have one of the following cases: 









dim \ kA\ 




B 


A 3 


\A\ 


\2A\ 


\3A\ 


\±A\ 


Ml 


Ml 


Ml 


1 ~K\ 


1° 


(3,9) 


1/9 





2 


4 


7 


11 


16 


22 


29 


2° 


(3,5,11) 


16/165 





1 


3 


5 


9 


13 


18 


25 



10 





B 


A 3 


\A\ 


\2A\ 


\3A\ 

\ \ 


Ml 

i i 


Ml 


Ml 


Ml 


1 ~K\ 


3° 


(11) 


1/H 





2 


3 


6 


9 


13 


18 


24 


4° 


(7,H) 


6/77 





1 


2 


4 


7 


10 


15 


20 


5° 


(3,3,5) 


1/15 





1 


3 


4 


7 


10 


13 


18 


6° 


(3,7) 


1/21 





1 


2 


3 


5 


7 


10 


13 


7° 


(3,3,5,9) 


2/45 


-1 





1 


2 


4 


6 


8 


11 



5.2. Now let X be a Q-Fano threefold with qQ(X) = 8 and g(X) > 10. 
First we assume that the group C\(X) is torsion free. For general case see 
Lemma 15.91 below. Thus X is described in Lemma 15.11 We will show that 
cases [PI E3 [33, 03 and [73 do not occur. We also show that in the cases 
E3 and [63 we have X ~ X 6 C P(l, 2, 3 2 , 5) and X ~ X w C P(l, 2, 3, 5, 7), 
respectively. In all cases, dim \A\ < and linear systems \2A\ and \3A\ have 
no fixed components. Write 

K x +8S 1 +aiE ~ 0, 

(5.2.1) K x +AS 2 +a 2 P~0, 

Kx +2S 3 + S 2 +a 3 P~0, 

where a, G Z. 

5.3. Cases H3 and [33 Put ^ := \2A\ and let P e X be a (unique) point 
of index 9 (resp. 11) in the case [T°1 (resp. [3f])- Then ~ —mKx near P, 
where m = 7 (resp. m = 3) in the case [13 (resp. EE]). Hence, c <l/m (see 
12.4. 5p . Thus /?2 > ma and /?i > #2/2 > ma/ 2. In particular, 

Oi > 8/?i — a > (4m — l)a, a 2 = 4/?2 — a > (4m — l)a. 

5.3.1. Claim. The contraction f is birational. 

Proof. Assume that / is a contraction of fiber type. The divisors S2 and Si 
are /-vertical by (15.2.11) . In particular, S 2 ~ 2^. Since dim \S 2 \ = 2 and 
5*2 is irreducible, X is not a curve. By 12.51 we have X ~ P(l 2 , 2) or DP^ 4 . 
This contradicts Lemma [2.8.11 □ 

5.3.2. Claim. f(E) is a point of index > 1. 

Proof. Assume that f(E) is either a curve or Gorenstein point. Then all the 
numbers a and Pi are integers. We have a 2 > 11 and q > As 2 + a 2 > 15. In 
this case, |0| = and dim |20| < (see Theorem 11.21) . Therefore, s 2 > 3 
and q > 19, a contradiction. □ 

5.3.3. Thus we may assume that the contraction / is birational and f(E) 
is a point of index r > 1. One can see from Table loTTl that f(E) is a cyclic 
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quotient singularity. In particular, a — l/r [Kaw96j . Since a < 1, we have 



g(X) > g(X) = 23 by Lemma [2.6.21 By Theorem 11.21 and (i) of Theorem 
11.31 we also have q < 8. By ( 15.2. ID we can write 

(5.3.4) q = 8si + ate = 4s 2 + a 2 e = 2s 3 + s 2 + a 3 e. 

Since Oi, a 2 > 1, we have si = 0, s 2 = 1, and g > 5. By Lemma [2.6.31 the 
group C1(X) is torsion free. By Proposition 12.91 X ~ P(l 3 ,2). Therefore, 
1 = a 2 = 4/3 2 — 1/r = 3/3 2 , /3 2 = 1/3, r = 3, and we are in the case[T3 This 
contradicts (3 2 > ma = 7/3. 

5.4. Case [23 Put := \3A\ and let P G X be a (unique) point of index 
11. Then J£ ~ -lOtf* near P. Then c < 1/10 (see 12X5]) . Thus /3 3 > 10a 
and /?i > 10a/3. Further, 

ai > 77a/3, a 3 > 19a + /3 2 =^ ai > 3, a 3 > 2. 

5.4.1. Claim. TTie contraction f is birational. 

Proof. Assume that / is a contraction of fiber type. Since ai > 3, X is a 
curve and / is a generically P 2 -bundle. On the other hand, S3 is /-vertical 
by (15.2. ip and because a 3 > 2. Since dim =3 and S 3 is irreducible, we 
get a contradiction. □ 

5.4.2. Claim. f(E) is a point of index > 1. 

Proof. Assume that f(E) is either a curve or Gorenstein point. Then all 
the numbers a and 0i are integers. We have a 3 > 19a > 19. Thus, q > 
2S3 + CI3 > 19, a contradiction. □ 

5.4.3. Thus we may assume that the contraction / is birational and f(E) e 
X is a a cyclic quotient singularity of index r = 3, 5 or 11 (see Table I5TT1) . 
In particular, a = 1/r |Kaw96j . Hence, g(X) > g(X) = 23 by Lemma 



12.6.21 Consider the equality (I5.3.4p . By Theorem 11.21 and (i) of Theorem 
11.31 we have q < 8. Note that j3 2 > 1/r (because S 2 cannot be Cartier at 
f{E)). Hence, a 2 = 4/3 2 - 1/r > 0. By fl5T3TD we have s x = 0, s 2 = 1, 
and q > 5. By Lemma 12.6.31 the group C1(X) is torsion free and e = 1. 
Since s 2 = 1, dim|B| > dim|2A| > 1. By Proposition 12.91 we have S3 > 2, 
so q > 7. Again applying Proposition 12.91 we get X ~ P(l 2 ,2,3). Hence, 
7 = q = a\ = 8/3i — 1/r and so r/?i = (7r + l)/8. One can see that this 
number is not integral for r = 3, 5 and 11, a contradiction. 

5.5. Case Hfl Take ^ := \bA\. Near the point of index 7 we have j$ ~ 
—5Kx- Then in Lemma I2.4.5l we have m = 5, so (3$ > 5a and fi\ > a. Thus 
a\ > 7a. 



5.5.1. Claim. f(E) is a point of index r > 1. 
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Proof. Assume that f(E) is either a curve or Gorenstein point. Then a G Z, 
ai > 7. Therefore, the contraction / is birational and q > 8si + 7e. If Si > 0, 
then q > 17, |0| = 0, e > 2, and g > 19, a contradiction. Hence, si = 0. 
Then by Lemma T2.6.3I the group C1(X) is torsion free and e = 1. Moreover, 
q — a\ — 8/?i — a = 8a + 7(/3 x — a). Since the last term is non-negative, by 
(11.1.11) we get q = 7 and a = 1. Similar to (15.2. ip write 

(5.5.2) Kx + S 3 + S 5 + a 5 E ~ 0, a 5 = (3 3 + 5 - a. 

Thus a 5 > 4 and S3 + S5 < q — < 3. By Proposition 12.91 we have 
X ~ P(l 2 , 2, 3), so dim |39| = 6. This contradicts dim \hA\ = 7. □ 

5.5.3. Subcase: r = 7. Then a = 1/7 and A ~ —K x near /(-E 1 ). Hence, 
for I = 1, . . . , 6, we have = 1/7 + mi, where mi is a non-negative integer. 
This gives us a\ = 8/?i — a = 1 + 8m!. If / is not birational, then restricting 
(15.2.11) to a general fiber V one can see that Si is /-vertical, a\ = 1, and 
-K v = E\ v . In particular, X ^ P 2 , P(l 2 ,2). By fl57o72l we have a 5 = 
1 + m 3 + m 5 , so fl 5 = 1 and the divisors S3 and S 5 are /-vertical. This 
contradicts Lemma 12.8.11 

Hence the contraction / is birational. Using (15.2. ip we write 

q = e + 8(si + mie) = e + A(s 2 + m 2 e) 

Since s 2 > 0, we have q > 9. Since a < 1, we have g(X) > g(X) = 19 by 



Lemma 12.6.21 From Theorem 11.21 and (i) of Theorem 11.31 we conclude that 
q = 11 and X ~ P(l, 2, 3, 5). Further, e = 3 and (I5.5.2P gives us 

11 = q = s 3 + s 5 + a 5 e = 3 + s 3 + s 5 + 3m 3 + 3m 5 , s 3 + s 5 < 8. 

On the other hand, dim IS3I > 2 and dim \ S$\ > 7, so S3 > 4 and S5 > 6, a 
contradiction. 

5.5.4. Subcase: r = 11. Then a = 1/11 and A ~ -7if x near /(E). Thus 
/3i = 7/11 + mi and (3$ = 2/11+ms, where the m; are non-negative integers. 
Since (3$ > 5a, m 5 > 1. Further, a\ = 5 + 8mi, 05 = 1 + mi + m 5 . Hence, 
the contraction / is birational and 

q = 5e + 8(si + m\e) = e + s 3 + s 5 + m 3 e + m 5 e. 

By (II. 1.11) either q = 13 or q = 5. Since g(X) > g(X) = 19, we have q = 5. 
Thus Si = 0, e = 1, C1(X) is torsion free, and s 3 + s 5 < 3. Therefore, 
s 3 = 1. By Proposition X ~ P(l 3 ,2). In this case, dim|26| = 6. This 
contradicts S5 < 2 because dim \ 5A\ = 7. 

5.6. Case [73 Put ^# := \3A\. Near the point of index 9 we have A ~ 
—8Kx, ^ ~ — Thus c < 1/6 and /?3 > 6a. We can write 

K x +AS 2 +a 2 E ~ 0, 



(5.6.1) 



Kx +2S 3 + S 2 +a 3 E~0. 
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a 3 = 2f3 3 + f3 2 - a > 11a + f3 2 . 

If a > 1, then 03 > 11. Hence the contraction / is birational. In this case, 
q > lie + 2s 3 > 13, s 3 > 2, q > 17, e > 1, and q > 19, a contradiction. 
Therefore, a < 1 and P := f{E) is a point of index r > 1. 

5.6.2. Subcase r = 5. Then near P we have — Kx ~ and A ~ —2Kx- 

Hence, /3 2 = 4/5 + m 2 and /3 3 = 1/5 + m 3 , where m 3 > 1. We get 

a 2 = 3 + 4m 2 , a 3 = 1 + 2m 3 + m 2 . 

If / is not birational, then it is a generically P 2 -bundle and a 2 = a 3 = 3. In 
this case, S3 is a general fiber. On the other hand, S 2 is /-vertical. Hence, 
mS 2 is also a scheme fiber for some m e Z>o. This implies 5 3 ~ m5 2 and 
^3 ~ mS 2 , a contradiction. Therefore, the contraction / is birational. Then 

q = 4(s 2 + m 2 e) + 3e = 2(s 3 + m 3 e) + s 2 + m 2 e + e > 5, 

3(s 2 + m 2 e) = 2(s 3 + m 3 e - e). 

Write s 2 + m 2 e = 2k, s 3 + m 3 e — e = 3/c, where k G Z>o- Then q = 8k + 3e > 
11 and C1(X) is torsion free. By Lemma [2.6.31 F ~ eA, so e > 1, q > 17, 
S3 > 5, A; > 2, and g > 19, a contradiction. 

5.6.3. Subcase r = 3 and o; = 1/3. Then near P we have — Kx ~ 2A 
and A ~ —2Kx- Hence, (3 2 = 1/3 + m 2 and /?3 = m 3 , where m.3 > 2. We 
get 

a 2 = 1 + 4m 2 , a 3 = 2m 3 + m 2 > 4. 
Therefore, the contraction / is birational. In this situation, 

19 > q = 4(s 2 + m 2 e) + e = 2(s 3 + m 3 e) + s 2 + m 2 e > 6, 

Hence, s 2 + m 2 e < 4. If s 2 + m 2 e, then so q is. In this case, q < 8 and so 
s 2 + m 2 e = 0. Then e = q > 6 and g = 2(53 + m 3 e) > 19, a contradiction. 
If s 2 + m 2 e = 1, then q is odd, e = g — 4>3, q = 2(s 3 + m 3 e) + 1 > 15, 
s 3 > 5, and g > 19. Again we get a contradiction. 

Finally, assume that s 2 + m 2 e = 3. Then q > 13 and C1(X) is torsion 
free. Since \A\ = 0, we have > 1 by Lemma [2.6.31 Hence, q > 17 and so 
S3 > 5, q > 19, a contradiction. 

5.6.4. Subcase r = 3 and a = 2/3. Then near P we have — Kx ~ 2A 
and A ~ —2Kx- Hence, /3 2 = 2/3 + m 2 and /?3 = m 3 , where m 3 > 4. We 
get 

a 2 = 2 + 4m 2 , a 3 = 2m 3 + m 2 > 8. 
Therefore, the contraction / is birational. Then 

19 > q = 4(s 2 + m 2 e) + 2e = 2(s 3 + m 3 e) + s 2 + m 2 e > 6. 
Hence q is even and q > 10. This contradicts (11. 1.11) . 
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5.6.5. Subcase r = 9. Then fi 2 — 7/9 + m 2 , (5 3 = 6/9 + m 3 , a 2 = 3 + 4m 2 , 
a 3 = 2 + 2m 3 + m 2 . If / is not birational, then it is a generically P 2 -bundle, 
a 2 = 3, m 2 = 0, m 3 = 0, a 3 = 2, S3 is a general fiber, and S 2 is /-vertical. 
Hence, €?§ 3 (a 2 E) = &§ 3 {a 3 E) = £?§ 3 (—K x ), a contradiction. 
Therefore, / is not birational and so 

q = 4(s 2 + m 2 e) + 3e = 2(s 3 + m 3 e) + s 2 + m 2 e + 2e. 

If s 2 + m 2 e > 2, then g > 11, the group Cl(X) is torsion free, and e > 2 
by Lemma 12.6.31 In this case, both s 2 + m 2 e and e are odd > 3. Hence, 
q > 19, a contradiction. Therefore, s 2 + m 2 e < 1. 
If s 2 + m 2 e = 0, then 

g = 3e = 2(s 3 + m 3 e) + 2e, g = 6, e = 2, s 3 = 1, F = S 2 . 

By Lemma 12.6.31 the group C1(X) is torsion free. Using computer search 



with dim|G| > 1 and [(Tv)] of Theorem Q we get X ~ X 6 C P(l 2 ,2,3,5). 
Thus we have K x + 4^ 2 + 3E ~ and + 2S 3 + S 2 + 2E ~ 0. Further, 
Kx + ^Si + a^E ~ 0, where = 2(3^ — a, 04 = 5/9 + m4, and = l + 2m4. 
We get q = 6 = 2^4 + 2em 4 + e = 2s 4 + 4m 4 + 2, s 4 = 2. Comparing 
dimensions of linear systems we see that |0| is the birational transform of 
\3A\ and |20| is the birational transform of Write 

K x + 6S 3 = f*(K x + 6S 3 ) + (b- 6 l3 )F, 

K x + 3^ 4 = f*(K x + 3S 4 ) + (b- 3 l4 )F. 

Since F ~ 2A, we have 6 = 5 + 67 3 > 5 and 6 = 2 + 374. Hence, Q := f(F) 
is a Gorenstein point. Assume that 7 3 = 0. Let S' 3 G |0| be a (unique) 
divisor passing through Q. Then S' 3 7^ E (because e > 1) and 

K x + 65 3 = f*(K x + 65 3 ) + (b - 6 73 )F. 

where 7 3 > 0. Let S'3 ~ mi. Then m > 2 (because \A\ = and S' 3 ^ S 2 = 
F). So, —8 + 6m = 2(6 — 673) and m = 3 — 27 3 < 1, a contradiction. We 
get 73 > and 74 = 1 + 273 > 0. Therefore, Q G Bs |G| n Bs |26| and so Q 
is the point of index 5, a contradiction. 

If s 2 + m 2 e = 1, then q = 4 + 3e = 2(s 3 + m3e) + 2e + 1. If furthermore 
e > 2, then s 2 = 1, q ^ 19, q = 13, e = 3, S3 + m 3 e = 3, and S3 = 3. 
Moreover, the linear system |30| is the birational transform of \3A\. On 
the other hand, by Lemma 12.6.31 the map X X contracts a divisor 
F ~ 3 A, a contradiction. Therefore, q = 7, e = 1, and s 3 + m 3 = 2. Since 
\A\ = 0, by Lemma [2.6.31 we have Cl(X) ~ Z © Z n , where n > 1. If s 2 = 1, 
then E ~ Q 5 2 . In this situation, by jProlOl Th. 1.4] X ~ P(l 2 ,2,3) and 
C1(X) ~ Z, a contradiction. Therefore, s 2 = 0, i.e., S 2 = F. By Lemma I6TT1 
we have qQ(X) = qW(X). Since dim | - K x \ > 11 and C\{X) ~ Z © Z n 



using computer search and (iii) of Theorem 11.31 we get only one possibility: 
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B(A) = (2,2,3,12), A 3 = 1/12. In this case, n = 2 or 4 jProlOl Prop. 
2.9], so there is an etale in codimension two cover it : X' — > X of degree 
n such that K' x = n*Kx- Moreover, X' is a Fano threefold with terminal 
singularities, qW(A') = qQ(A') = 7, and B(A') = (3,3,6) or (3,3,3,3,3). 
In particular, the Gorenstein index of X' is strictly smaller than its Fano 
index. According to [San96] there is only one such a Fano threefold whose 
Gorenstein index equals to 6: P(l, 1,2, 3). Then X' does not have any 
point of index 6, a contradiction. For B(A') = (3,3,3,3,3) we have two 
possibilities: X' & C P(l 2 , 2, 3 2 ) and X' 4 C P(l 3 , 2, 3) in both cases qW(A') = 
4. Again this is a contradiction. 

5.7. Case [53. We show that in this case A is a hypersurface of degree 6 in 
P(l,2,3 2 ,5). Similar to 13.21 it is sufficient to prove the following. 

5.7.1. Lemma. Let X be aQ-Fano threefold with qW (A) = 8 and~B(X) = 
(3,3,5). Then the pair (A, \3A\) is canonical. 

Proof. Put ^ := \&A\ and assume that (A, ^) is not canonical. Then 

fa > a, fa > |/3 3 > |a, and so 

5 

(5.7.2) a x = Sfa - a > -a > 0, a 3 = 2/3 3 + /3 2 - a > a + fa > 0. 

o 

5.7.3. Claim. f(E) is a point of index r > 1. 

Proof. Assume that f(E) is either a curve or Gorenstein point. Then as in 
flBTT^D we have a x > 5fr + /3 3 - a > 5 fa + 1 > 6 and a 3 > (3 3 + (3 2 + 1 > 3. 
Therefore, the contraction / is birational and 

q = 2s 3 + s 2 + a 3 e = 8sx + a^e > 6. 

If q > 9, then C1(A) ~ Z by Theorem O and using jProlOl Table 3.6] we 
obtain successively s 3 > 4, q > 13, s 3 > 5, g > 17, s 3 > 7, and q > 19, 
a contradiction. Therefore, q < 8. In this case, si = 0, and C1(A) ~ Z 
by Lemma [2.6.31 By Proposition 12.91 we have dim|@| < 3, so s 3 > 1 and 
q > 8. Therefore, q = 8, s 3 < 2, and s 2 = 1. This contradicts Proposition 
12.91 Thus f{E) is a point of index r = 3 or 5. Then a < 1 by Lemma [2.71 
Since g(A) > g(A) = 17, we have q < 13. □ 

5.7.4. Subcase r = 5. Then a = 1/5 and A ~ -2A X near f{E). So, 

0i = 2/5 + m 1 , /3 2 = 4/5 + m 2 , /3 3 = 1/5 + m 3 , 

where are non- negative integers and m 3 > 1 (cf. 15.5.31) . Hence, 

ai = 3 + 8mx, a 2 = 3 + 4m 2 , a 3 = 1 + m 2 + 2m 3 . 

If / is not birational, then A ~ P 1 and the divisors Si, S 2 , S3 are /-vertical. 
This contradicts diml^l = 3. Therefore, the contraction / is birational. 
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We have 



q = 8s\ + 3e + 8mie = 4s 2 + 3e + 4m 2 e = 2s3 + s 2 + e + m 2 e + 2m^e. 

Hence either s\ = or q > 11. In both cases C1(X) ~ Z (see Theorem 11.21 
and Lemma [2.6.3p . Further, g > 7 and S3 > 2 by Proposition 12.91 If e > 1, 
then q > 11, S3 > 4, 9 > 17, S3 > 7, g > 19, a contradiction. Hence, e = 1 
and g = 3 mod 8. This is possible only if q = 11. Then 

si + mi = l, s 2 + m 2 = 2, s 3 + m 3 = 4, s 3 < 3. 

This contradicts dim |30| < 2. 

5.7.5. Subcase r = 3. First, we assume that a = 1/3. Then A ~ —2Kx 
near /(-E). So, 

f3 1 = 2/3 + m 1 , /3 2 = l/3 + m 2 , /3 3 = m 3 , 

where are non- negative integers and m 3 > 1 (cf. 15.5.31) . Hence, 

ax = 5 + 8m 1; a 2 = 1 + 4m 2 , a 3 = m 2 + 2m 3 . 

Since a\ > 3, the contraction / is birational. We have 

q = 8si + 5e + 8mie = 4s 2 + e + 4m 2 e = 2s 3 + s 2 + m 2 e + 2m 3 e. 

We have either si = or q > 13. In both cases Cl(X) ~ Z (see Lemma 
12.6.31) . Further, q > 5 and S3 > 2 by Proposition 12.91 Hence, q > 7. If 
e > 1, then g > 11, s 2 > 2, S3 > 4, and g > 14, a contradiction. Hence, 
e = 1 and g = 5 mod 8. This is possible only if g = 13. Then 

si + 777i = l, s 2 + m 2 = 3, s 3 + m 3 = 5, s 3 < 4. 

This contradicts dim |40| < 2. 

Finally we consider the case where a > 2/3. Then P := f(E) is a point 
of index 3 with basket (3,3). By Lemma [2.71 we have a = 2/3. Further, 
A ~ —2Kx and 3 A ~ near f{E). So, /?i = 4/3 + mi, where ttt^ is a 
non-negative integer, and a± = 10 + 8m! > 3. Hence, the morphism / is 
birational. In this case, 

13 > q = lOe + 8si + 8m ie . 
The only possibility is q = 10. This contradicts (11.1.11) . 

□ 

5.8. CaseEfl We will show that in this case X ~ X w C P(l, 2, 3, 5, 7). Put 
^# := \2A\. Near the point of index 7 we have A ~ — Kx and ^# ~ —2Kx- 
Thus c < 1/2, /3 2 > 2a, ft > a, and 

(5.8.1) ai = 8/?i — a > 7a, a 2 = 4/3 2 — a > 7a. 

If a > 1, then a%, a 2 > 7, / is birational, and g > 4s 2 + 7a > 11. Hence, 
$2 > 2, g > 17, s 2 > 5, and g > 19, a contradiction. Thus a < 1. Therefore, 
f{E) is a point of index r = 3 or 7, and a = 1/r. 
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5.8.2. Subcase r = 3. Then (3 2 — 1/3 + m 2 , where m 2 > 1. By (15.8. ip we 
have a 2 = 1 + 4m 2 . Hence the contraction / is birational. Then 

q = e + 4(s 2 + m 2 e). 

Since s 2 > 0, we have q > 9 and so C1(X) ~ Z. We get successively s 2 > 2, 
q > 13, s 2 > 3, q > 17, s 2 > 5, and q > 19, a contradiction. 

5.8.3. Subcase r = 7. Then, as above, = k/7 + m k for = 1, . . . , 6, 
so ai = 1 + 8m!. If / is not birational, then S\ is /-vertical. Restricting 
(15.2.11) to a general fiber V we get — Ky ~ E\ v and oi = 1. Then using 
relations similar to (15.2.11) we get that in this situation S k is /-vertical for 
k = 1, . . . , 6. Since dim \S 3 \ = 2, X is not a curve. Since dim \Si\ = 0, X is 
either P(l, 2, 3) of DP^ 4 . On the other hand, dim \S§\ =7. This contradicts 
Lemma 12.8.11 Hence the contraction / is birational and then 

q = e + 8(si + m x e) = e + 4(s 2 + m 2 e), 2(s x + m x e) = s 2 + m 2 e > s 2 > 0. 

Hence, q > 9 and s 2 > 2. If g > 13, then s 2 > 3, q > 17, s 2 > 5, and 
q > 19, a contradiction. Thus g < 11 and so 

si+mie = l, g = e + 8, s 2 + m 2 e = 2, s 2 = 2, m 2 = 0. 

Assume that si = 0, i.e., F = S±. Then e = mi = 1 by Lemma 12.6.31 



So, q = 9, and X ~ X 6 C P(l,2,3,4,5) by Theorem Ol (i) Recall that 



c = a//3 2 = 1/2. By our construction (12.4.21) the pair (X, \^) is canonical, 
where C |20|. On the other hand, near the point ? 5 G X of index 
5 we have ^# ~ — 3i^^. By Lemma 12.4.51 we have ct(X,^) < 1/3, a 
contradiction. 

Therefore, S\ = 1. Then e > 1. So q = 11, e = 3, and X ~ P(l, 2, 3, 5) by 
|Prol0j . Similar to (I5.2.ip we get = k for k = 1, . . . ,6. Since dim \ kQ\ = 
dim |A;A|, the linear system \kQ\ is the birational transform of \kA\ for k = 
1, . . . , 6. Write 

(5.8.4) Kx + ^S k = f* (k a + ^S k ) +U- ^ 7fc ) F, 

where K t + ±±S k = 0. Note that F ~ 3A by Lemma [5X3 Pushing floXi]) 
down to X we get 

3 = 3(^6-— j, 6 = 1 + — >1. 

Since X = P(l, 2, 3, 5) has only cyclic quotient singularities, f(F) is either a 
curve or a smooth point [Kaw96j. On the other hand, |6G| is base point free 
outside of the point of index 5. Therefore, 7 6 = 0, b — 1, and C := f(F) 
is a curve. Recall that E e 1^(1,2,3,5) (3) | and so ~ P(l,2,5). Since C is 
contained into the smooth locus of X [Kaw96j, the curve C is cut out on 
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E by a divisor S G | ^(1,2,3,5) (01 5 where I is divisible by 10. On the other 
hand, E ~ E is covered by a family of curves L\ G |^p(i,2,5)(2)| and 

< -K x ■ L x = -K x ■ f(L x ) - F ■ L x = H _ 1. 
Hence, / = 10. 

Further, the restriction — -ftTxIj = ^P(i,2,5)(l) is ample. Note that 

-K x = l ^E + \f = l ls & - F. 
6 6b 

Since the only base point of \Sq\ = |60| is the point of index 5, the divisor 
— K x is ample. Therefore, the map X —■* X is a composition of flips with 
respect to K (or an isomorphism). On the other hand, X and X have the 
same collections of non-Gorenstein singularities: |(1, 1,1), |(1,1,2), and 
|(1,2,3). This means that the map X X does not change Shokurov's 
difficulty [Sho85j. Hence X --^ X is an isomorphism. Since S\ ■ C = 
Si- E ■ S10 = 1, the intersection Si flC is a single smooth point, say P. The 
diagram f)2.4.2p induces the following 



Si 




Si Si 

where Si ~ P(2, 3, 5), h is the blowup of P, and h is the contraction of the 
proper transform of the curve Si D E given by X3 = 0. This shows that 
the surface Si is unique up to isomorphism. On the other hand, taking 
X = X w C P(l,2,3, 5,7) we get the same Si. Therefore, for any choice 
of X of type the surface Si G \A\ is isomorphic to a general weighted 
hypersurface of degree 10 in P(2, 3, 5, 7). Then by Theorem 13.31 we conclude 
that X ~ X w C P(l,2,3,5,7). 

5.9. Lemma. Let X be a Q-Fano threefold with qQ(X) = 8. Assume that 
the torsion part of Cl(X) is non-trivial. Then g(X) < 8. 

Proof. Similar to Lemma 14.41 □ 

6. Case qQ(X) = 7 

6.1. Lemma. Let X be a Q-Fano threefold with qQ(X) = 7. Then 
qW{X) = 7. 

Proof. Assume that qQ(X) 7^ qW(X). Then there is a 7-torsion element 
S G C1(X) jProlOl Lemma 3.2 (iv)]. Let B s C B(X ) is the subbasket 
of points where S is not Cartier. According to |Prol0t Prop. 2.9] B = = 
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(7,7,7). Kawamata's condition J2peB(x)( r P ~ ^-l r p) < 24 gives us that 
B(X) \ B = = 0, (2), (2,2), or (3). The element H defines a cyclic etale 
in codimension two cover tt : X' — > X of degree 7 such that X' is a Fano 
threefold with terminal singularities and qQ(X') is divisible by 7. On the 
other hand, X' is Gorenstein at points 7r _1 (B = ). Hence the Gorenstein 
index of X' is at most 3. This contradicts [San96j. □ 

6.2. Lemma. Let X be a Q-Fano threefold with qQ(X) = 7 and let —Kx = 

7 A. Assume either g(X) > 17 org(X) = 17 and A 3 = 1/10. Then the group 
C1(X) is torsion free and we have one of the following cases: 





B 


A 3 


dim \ kA\ 


\A\ 


\2A\ 


\3A\ 


\AA\ 


\5A\ 


\6A\ 


1 ~K\ 


1° 


(2,3) 


1/6 


1 


3 


6 


10 


15 


22 


30 


2° 


(2,2,5,9) 


7/45 





2 


4 


8 


13 


19 


27 


3° 


(2,2,8) 


1/8 





2 


4 


7 


11 


16 


22 


4° 


(2,3,6,8) 


1/8 





1 


3 


6 


10 


16 


22 


5° 


(2,3,5,9) 


11/90 





1 


3 


6 


10 


15 


21 


6° 


(2,3,4,10) 


7/60 





1 


3 


6 


9 


14 


20 


7° 


(2,2,2,5) 


1/10 





2 


3 


6 


9 


13 
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6.3. Now let X be a Q-Fano threefold with qQ(X) = 7. Assume either 
g(X) > 20 or g(X) = 17 and A 3 = 1/10. By Lemma OqQ(X) = qW(X). 
Thus X is described in Lemma [6.21 and C1(X) is torsion free. The case [T°1 
was considered in |San96] and |ProlO] . We will show that cases |2°1- 16°1 do 
not occur and in the case [73 we have X ~ X 6 C P(l, 2 2 , 3, 5). Write 

K x +75i +aiE ~ 0, 

(6.3.1) _ 

K x +S X +3S 2 +a 2 E ~0. 

where Oi, a 2 are some integers. 

6.4. First we consider cases 12^1 -IfFl Put J{ := \IA\. Let P e X be a point 
of index r' > 0, where we take r' as follows: 



No. 

(6.4.1) r' 

m 



23 m m E3 m 

9 8 8 9 10 
8 6 6 8 6 



20 



(6.4.2) 



Here m is an integer such that < m < r' and ~ —mKx near P. Then 
c < 1/m (see I2.4.5p . so /3 2 > ma and fa > /3 2 /2 > ma/2. We have 

a! = 7/?i — a, 
«2 = /?i + 3/3 2 - a. 
In particular, 

(6.4.3) oi,o 2 > (7m/2 - l)a > 20a > 2. 

6.4.4. Claim. We have a < 1/3. Moreover, f(E) is a cyclic quotient 
singularity of index r > 3 and a = 1/r. 

Proof. If a > 1/3, then a 2 > 7. In this case, the contraction / is birational 
and q > 3s 2 + 7. So, q > 11. Since dim |0| < 0, we get successively s 2 > 2, 
g > 13, s 2 > 3, q > 17, s 2 > 5, and q > 19, a contradiction. Therefore, 
a < 1/3. From Table 16.21 we infer that f(E) £ I is a cyclic quotient 
singularity of index r > 3 and a = 1/r [Kaw96j . □ 

6.4.5. Claim. If the morphism f is not birational, then it is a generi- 
cally F 2 -bundle. Moreover, £>2 is a general fiber, S2 ~ 2Si, and €?§ 2 (E) = 
0§ 2 (S3) = ^2(1). This is possible only in cases 03 -|6°1 

Proof. Assume that / is not birational. Since ai, a 2 > 0, the divisors S\ 
and ^2 are /-vertical. Since dim = 0, X is either P 1 , P(l, 2, 3) or DP^ 4 . 
By Lemma [2.8.11 the divisor S2 is /-horizontal. Similar to (16.3.11) write 

Kx + S! + 2S 3 + a 3 E ~ 0, a 3 = fa + 2f3 3 - a > 0. 

Hence, a 3 = 1 and / is a generically P 2 -bundle. Since 5* 2 is irreducible, 
dim 1 < 1. The rest is obvious. □ 

6.4.6. Claim. Assume that X is of type [2°| |3°1 or I4*°l Then the morphism 
f is birational, X is of type\$°\ and r = 6 or 8. Moreover, X ~ P(l, 2, 3, 5), 
P(l 2 ,2,3) orX 6 C P(l 2 ,2,3,5). 

Proof. If / is not birational, then we are in the case H3 and ai, a 2 < 3. 
Hence, oj = a 2 = 3 by (I5X5]| . By (I5T2]I we have a < 3/20, so r = 8 
and a = 1/8. Then fa = ma + m\ = 7/8 + m 1; where m\ is a non- 
negative integer (cf. I5.5.3p . Again by (16.4.21) we obtain a\ = 6 + lm\ > 6, 
a contradiction. 

Therefore, the contraction / is birational. In this case, 

q = 7si + die = si + 3^2 + a 2 e > 6. 



By Lemma fMMg(X) > g(X) > 21. Hence, by Theorem Q and gjjjguj] of 
Theorem 11.31 we have either 6<g<7org = ll (and X ~ P(l,2,3,5)). 
Moreover, C1(X) is torsion free by Lemma 12.31 If X ~ P(l,2,3,5), then 
S2 < 2 and so dim \2A\ < \2Q\ = 1. Hence, we are in the case |4*°1 
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Assume that 6 < q < 7. Then s 2 = 1- If q — 7 (resp. q = 6), then 
X^P(1 2 ,2,3) (resp. X ~ X 6 C P(l 2 , 2, 3, 5)) by Proposition EH] (resp. by 
of Theorem II. 3p . Hence, dim|2y4| < dim|B| = 1 and we are again in 



IV 



the case S3 □ 

6.4.7. Subcase S3 with r = 6. Then /3 1 = 1/6 + mi, and /3 2 = 2/6 + m 2 , 
where are positive integers. We get 

q > ai = 7{3i — a — 1 + 7m! > 8, a 2 = 1 + ft + 3ft — a = 2 + m x + 3m 2 . 
Hence, q = 11, X ~ P(l, 2, 3, 5) by Claim E3H and s 2 > 2. Therefore, 
11 = q = 2e + Si + mie + 3(s 2 + m 2 e) > 2 + m x + 3(s 2 + m 2 ) > 12, 
a contradiction. 

6.4.8. Subcase S3 with r = 8. Then ft = 7/8 + mi and ft = 6/8 + m 2 , 

where m.j are non-negative integers. We obtain 

a\ = 6 + 7mi > 6, a 2 = 3 + mi + 3m 2 . 

So, 

g = 6e + 7(si + mie) = 3e + si + m x e + 3(s 2 + m 2 e). 

Since g G {6,7,11}, we have Si = mi = 0, q — 6, and so X ~ X 6 C 
P(l 2 ,2,3,5) by Claim [6A6J In particular, dim|6| = 1, dim|29| = 3, 
dim 1 30 1 = 6, and C1(X) ~ Z. Furthermore, e = 1 and s 2 = 1. 

By our computations Si is the /-exceptional divisor, a\ = 6, and a 2 = 3. 
By (J2XU) 

Kx + QS 2 ~ (K x + 6S 2 ) + (b - 6 72 ) 5i = (b - 6 72 ) 5i. 
Therefore, 

b = 672 + 5 > 5. 

In particular, f(S\) is a Gorenstein point. Similar to (16.3. ip we can write 

+5 3 +45i +a 3 E ~0, 
(6.4.9) - 

Xx +S 4 +35i +a 4 £ ~0. 

Easy computation as above give us 0,3 > 4 and 0,4 > 3. Hence, S3 < 2 and 
S4 < 3. On the other hand, comparing Table 16.21 143 and Table 14.11 [23 we 
see S3 = 2, a 3 = 4, S4 = 3, and 04 = 3. Moreover, dim|3v4| = dim|20| 
and dim \4A\ = dim|3@|. Therefore, |20| (resp. |30|) is the birational 
transform of \3A\ (resp. |4A|). Again using (12.6.11) we get 

5 < b = 373 + 2 = 274 + 1 =^ 7 3, 74 > 0. 

This means that f{Si) is contained into Bs |20| and Bs |30|. The only point 
satisfying these conditions is the point of index 5, a contradiction. 
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6.4.10. Subcase [53 with r = 5. Then f3 1 = 3/5 + m 1 and ft = 1/5 + m 2 , 

where rrii are non- negative integers and m 2 > 2. Further, 

^2 = ft + 3ft — Oi = 1 + mi + 3m 2 > 7. 

This implies that / is birational and 

q = e + s\ + m\e + 3(s 2 + m 2 e) > 10. 

Hence, q > 11. In this case, C1(X) ~ Z and dim |0| < 0, so s 2 > 2, g > 13, 
s 2 > 3, g > 17, s 2 > 5, and q > 19, a contradiction. 

6.4.11. Subcase [53 with r = 9. Then ft = 4/9 + m h and ft = 8/9 + m 2 , 

where are non-negative integers. Further, 

a i = 7ft — a = 3 + 7m 1; a 2 = ft + 3ft — a = 3 + m x + 3m 2 > 3. 

If / is birational, then 

q = 3e + 7(si + m\e) = 3e + si + m\e + 3(s 2 + m 2 e). 

Then 2(si + m^e) = s 2 + m 2 e > 0. Since q ^ 10, we have q > 13. In this 
case, 19 > g(X) > g(X) = 20 by Lemma |2.6.2[ a contradiction. 

Finally assume that / is not birational. Then we are in the situation of 
Claim |6\4.5I Similar to (16.3. ip write 

K x + 5*4 + 3Si + a^E ~ 0, a 4 = ft + 3ft — a = 2 + m 4 , m 4 G Z> . 

Hence, a 4 = 2, £ 4 is /-horizontal, and §4 ~ E + 4ft . Moreover, ^^(^3) = 
^s^E) = <^ P 2(1). From the exact sequence 

— ► X (S 4 - S 2 ) — ► ^(5 4 ) — ► ^ 2 (£ 4 ) — ► 0. 

we get dimH°(ff x (S 4 - S 2 )) > 7 - 3 = 4. Therefore, dim \2A\ = dim |ft - 
S 2 \ > 3, & contradiction. 

6.4.12. Subcase [63 with r = 4. Then ft = 3/4 + mi, and ft = 1/2 + m 2 , 
where m, are non- negative integers and m 2 > 1. Further, 

«i = 7ft — a = 5 + 7mi, a 2 = ft + 3ft — a = 2 + m 1 + 3m 2 > 5. 

This immediately implies that / is birational and 

q = 5e + 7(si + mie) = 2e + si + mie + 3(s 2 + m 2 e) > 8. 

If si + mie > 0, then g > 17, |6| = 0, e > 1, g = 17, e = 2, si + 2mi = 1, 
and si = 1, a contradiction. Hence, si = mi = and q = 5e. This 
contradicts Theorem 11.21 (a 



6.4.13. Subcase [63 with r = 10. Then ft = 3/10 + m u ft = 6/10 + m 2 , 
and ft = 9/10 + m 2 , where m.j are non-negative integers. Further, in (16.3. ip 
and (16.4.91) we have 

di = 2 + 7mi, a 2 = 2 + m x + 3m 2 , a 3 = 2 + mi + 2m 3 , m ; G Z> . 
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Assume that / is not birational. Then ai = a 2 = a 3 = 2, and Si, S 2 , 
S3 are /-vertical. Hence X is not a curve. This contradicts Lemma 12.8.11 
Therefore, the contraction / is birational. Then 

g — 2e = 7(si+mie) = si + m 1 e + 3(s 2 + m 2 e) = si + m 1 e + 2(s3 + m 3 e) > 3. 

If si + mie = 0, then s 2 + m 2 e = 0. This is impossible because dim \S 2 \ > 0. 
Since q < 19 and g 7^ 16, we have s% + m^e = 1 and q = 7 + 2e > 9. In 
this case, Cl(Jf) ~ Z. Further, S3 + m^e = 3. On the other hand, since 
dim 1 30 1 < 2, we have S3 > 4, a contradiction. 

6.5. Case [73 We show that in this case X is a hypersurface of degree 6 in 
P(l,2 2 ,3,5). Similar to 13.21 it is sufficient to prove the following. 

6.5.1. Lemma. Let X be a Fano threefold with qW(X) = 7 and B(X) = 
(2,2,2,5). Then the pair (X, \2A\) is canonical. 

Proof. Put := \2A\ and assume that (X, is not canonical. In (I2.4.4P 
we have < ao = ffa — a. Hence, f3 2 > a and (3i > \fi 2 > \ct. Further, 

(6.5.2) ai = 7/3i - a > 5/3 x > 0, a 2 = ft + 3/3 2 - a > pi + 2/3 2 > 0. 

If / is not birational, then Si and S 2 are /-vertical. Since dim|S^ 2 | = 2, 
X is not a curve. Since dim \Si\ = 0, X is either P(l,2,3) or DP^ 4 . We 
have a contradiction by Lemma [2.8.11 because diml^l = 2. Therefore, the 
contraction / is birational. We can write 

q = 7si + die — Si + 3s 2 + a 2 e. 

Assume that /3 2 > 2. Then ft > \f3 2 > 1, a 2 > 6, and q > 9. In this 

case, Cl(X) ~ Z, dim|20| < 1, s 2 > 3, q > 17, s 2 > 7, and q > 28, a 
contradiction. Therefore, a < ft < 2. If f(E) is either a Gorenstein point 
or curve, then a, ft £ Z, and so a < 0. Again we get a contradiction. Thus 
/(-E) is a point of index r = 2 or 5. 

6.5.3. Subcase r = 2. Then ft 6 Z, so ft = 1 and a = 1/2. Since 
A ~ — Kx near f(E), we have ft = 1/2 + mi, where mi is a non-negative 
integer. As above we have 

ai = 3 + 7mi, a 2 = m\ + 3, 

g = 7(si + mie) + 3 = Si + mxe + 3(s 2 + e) > 6. 

The only possibility is s\ + mie = 2, q = 17, s 2 + e = 5. But then 
dim 1 60 1 = 1, so s 2 > 7, a contradiction. 

6.5.4. Subcase r = 5. Then a = 1/5, ft = 3/5 + mi, and ft = 1/5 + m 2 , 
where mi and m 2 are non-negative integers with m 2 > 1. Since g(A) > 
g(X) = 17, we have q < 13. Further, 

ai = 4 + 7m!, a 2 = 1 + m x + 3m 2 > 4. 
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This gives us 

q = 4e + 7(si + m\e) = e + si + rti\e + 3(s 2 + m 2 e) > 7. 

Hence, q — 8 or 11. If q — 8, then si = mi = and e = 2. On the 
other hand, e = 1 by Lemma 12.6.31 a contradiction. Therefore, q = 11, 
e = 1, si + mi = 1, s 2 + m 2 = 3, and s 2 < 2. On the other hand, 
dim |20| < dim \2A\, a contradiction. 

□ 

7. Case qW(X) = 5 

7.1. Lemma. Let X be a Q-Fano threefold with qW(X) = qQ{X) = 5. 
Let —Kx = 5 A. Assume that g(X) > 19. Then the group C1(X) is torsion 
free and we have one of the following cases: 









dim \ kA\ 




B 


A 3 


\A\ 


\2A\ 


\3A\ 


\4A\ 


1 - K\ 


1° 


(2) 


1/2 


2 


6 


12 


21 


33 


2° 


(2,2,3,6) 


1/2 


1 


5 


11 


20 


32 


3° 


(6,7) 


19/42 


1 


4 


10 


18 


29 


4° 


(2,4, 6) 


5/12 


1 


4 


9 


17 


27 


5° 


(2,3,7) 


17/42 


1 


4 


9 


16 


26 


6° 


(2,2,8) 


3/8 


1 


4 


8 


15 


24 


7° 


(7,9) 


22/63 


1 


3 


7 


13 


22 


8° 


(2,2,3) 


1/3 


1 


4 


8 


14 


22 


9° 


(4,7) 


9/28 


1 


3 


7 


13 


21 


10° 


(4, 12) 


1/3 


1 


3 


7 


13 


21 


11° 


(2,2,2,3,3,6) 


1/3 





3 


7 


13 


21 



7.2. Let X be a Q-Fano threefold with qQ(X) = 5. Assume that g(X) > 21. 
We also assume that qQ(X) = qW(X). The case qQ(X) + qW(X) is 
excluded by Lemma 17.101 below. Thus X is described in Lemma 17.11 and 
C1(X) is torsion free by Lemma [2.31 The case [T°l is considered in |San96j . 
We will show that cases [23 - [73 and [93 - 111"! do not occur and in the case 
[83 we have X ~ X 4 C P(l 2 ,2 2 ,3). Note that the case E3 was disproved in 
[Pro07j . 
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In cases |2°1 - [7°1 we put := |v4|. Let P G X be a point of index r', 
where we take r' as follows: 

[23 E3 S3 E3 E3 [73 E3 HU3 

6667877 12 
5553533 5 



No. 

jj 

m 



Here m is an integer such that < m < r' and j# ~ —mKx near P. Then 
c < 1/m (see 12.4.5]) and so /?i > ma. 
For some G Z we can write 

(7.2.1) - Kjj ~ hSi + aiE ~ 5i + 2S 2 + a 2 E, 
where 

(7.2.2) ai = 5/3i - a > (5m - l)a, a 2 = /3i + 2/3 2 - a. 

7.3. Cases [p [33, HJ E3 By (17X21 we have a x > 3. Assume that the 
contraction / is birational. Since q > a\ > 24a, we have a < 1. Hence, 
g(X) > g(X) > 23. On the other hand, q > 5si + a\ > 9. This contradicts 



Theorems 11.21 and 11.31 



Thus / is not birational. Then 3 > ai > 24a. This is possible only in the 
case [63 and then a\ = 3, / is a generically P 2 -bundle and Si is /-vertical. 
Thus S\ ~ P 2 is a general fiber. Furthermore, a = 1/8. This means that 
f{E) is the point of index 8 and (3± = 5/8. Similar to (17.2. ip write 

-K x ~ S 3 + 25j + a 3 £, 

where a 3 = 2/3 x + f3 3 — a > 9/8. Since dim|3A| > 3, S3 is /-horizontal. 
Hence, a 3 = 2 and £^(£3) = (E) = ^=2(1). From the exact sequence 

— ► & X (S 3 - Si) — ► ^x(5 3 ) — ► %(£ 3 ) — ► 0. 

we get dim if (&x(S~3 — Si)) > 9 — 3 = 6. Therefore, dim \2A\ = dim |S 3 — 
Si\ > 5, a contradiction. 

7.4. Case [53 We have 0i > 5a and 01 > 14a > 2. Moreover, f(E) G X 
is a cyclic quotient singularity of index r = 2, 3 or 7. If r = 2, then ai > 7. 
Hence the contraction / is birational and q = 5si + a\e > 13, S\ > 2, a 
contradiction. If r = 3, then 0i = 2/3 + m 1 and a>i = 3 + 5mx, where mi > 1 
because /?i > 3a. In this situation, / is birational and 

q = 5si + die = 5si + 3e + 5mie > 13. 

On the other hand, g(X) > 25. This contradicts Theorem 11.21 

Therefore, r = 7. Then f3i = 3/7 + m 1; f3 2 = 6/7 + m 2 , a x = 2 + 5mi, 
and a 2 = 2 + m x + 2m 2 . If / is not birational, then a\ = a 2 = 2 and the 
divisors Si, S 2 are /-vertical. Since dim|0| = dim|Si| = 1, X is either a 
curve or P(l 2 ,2) (see 12.51) . On the other hand, dim|20| = dim|S 2 | = 4, a 
contradiction. Hence the contraction / is birational. In this case, 

q = 2e + 5(si + mie) = 2e + S\ + m^e + 2(s 2 + m 2 e), 
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where < s 2 + m. 2 e = 2(si + mie). So, q > 7. Since g(X) > g(X) = 25, 



by Theorem 11.21 and of (i) (iii) of Theorem 11.31 we have X ~ P(l 2 , 2, 3). 



Therefore, s 2 < 2 and 3 = dim |20| > dim jS^I = 4, a contradiction. 

7.5. CaseO As above we see that f(E) is a non-Gorenstein point. If f(E) 
is the point of index 9, then /3i = 2/9 + mi and a± = l + 5mi, where mi > 1. 
Hence the contraction / is birational. Then q = 5si + e + 5mie > 11, Si > 2, 
g > 17, Si > 5, and q > 19 a contradiction. 

Therefore, /(-E 1 ) is the point of index 7. Then f}\ = 3/7 + m 1; (3 2 — 
6/7 + m 2 , ai = 2 + 5m! , and a 2 = 2 + mi + 2m 2 . If / is not birational, 
then ai = a 2 = 2 and divisors Si, 5*2 are /-vertical. Since dim l^l > 2, the 
variety X is not a curve. 

7.5.1. Therefore, X ~ P(l,l,2) and the linear system |^| is base point 
free. In this situation, §2 is a Hirzebruch surface F n . Let A and S be its 
fiber and negative section, respectively. 

-K §2 = {-K K - 2Si)\ §2 = (3Si + 2E)\ §2 

Thus, 

2E\ §2 = -K §2 - 3A = 2S + (n - 1)A. 
Since E\g 2 is an irreducible section, there is only one possibility: E\§ 2 = S 
and n — 1. Since dimp^ > 9, the divisor ^4 is /-horizontal. Similar to 
fTTTO) and fl7X2|) we have 

—Kx ~ 5i + 5*4 + 04^, 04 = /3i + /?4 — a > 0. 
Hence, 04 = 1 and 64 ~ + 45i. From the exact sequence 

— > ^.v(5 4 - 5 2 ) ^(5 4 ) ^ 2 (^) 0. 
we get dimF (^(5 4 - S 2 )) > 14 - 9 = 5. Therefore, 

dim|2A| = dim \S 4 - S 2 \ > 4, 

a contradiction. 

7.5.2. Hence the contraction / is birational. Then 

q = 2e + 5(si + mie) = 2e + si + m\e + 2(s 2 + m 2 e), 

< s 2 + m 2 e = 2(si + mie), and q > 7. If Si + mie > 1, then si + mie = 3, 
g = 2e + 15, e > 2, g > 19, e > 3, and Si = 0, a contradiction. Therefore, 
Si + m!e = 1, s 2 + m 2 e = 2, si = 1, q = 2e + 5, q = 7, and e = 1. By [ProlOt 
Th. 1.4 (vi)] X ~ P(l 2 ,2,3). Further, s 2 = 2 and dim|26| = dim|5 2 |. 
Using (12.6.11) write 

K x + lS 2 = r(K x + lS 2 ) + (b-l l2 )F. 

Pushing this relation down to X we get 2 = 6 — 77 2 /2. Since b > 2, 
Q : = /(F) g P(l 2 , 2, 3) is a smooth point [Kaw96j . On the other hand, the 
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base locus of |29| is the point (0 : : : 1) of index 3. Hence, 72 = and 
b = 2. Thus / is the usual blowup of a smooth point |Kaw01j . 

Let y 2 be the subsystem of |26| = IS2I consisting of divisors passing 
through Q. Write 

s 2 ~ f*y 2 = y 2 + F, 

where y 2 is the birational transform. Pushing these relations down to X 
we get S 2 ~ y 2 + F. Hence, Si ~ S" 2 . On the other hand, dim y 2 = 2, a 
contradiction. 

7.6. Case|<Fl Then ft > 3a, a x = 5ft -a > 14a > 2. Moreover, f(E) is a 
non-Gorenstein point. If f(E) is the point of index 4, then Pi = 1/4 + mi, 
di = 1 + 5mi, where m x > 1. Hence the contraction / is birational. Then 
q = 5si + aie = 5si + e + 5mie > 11, si > 2, g > 17, si > 5, and q > 19, a 
contradiction. 

Therefore, /(-E) is the point of index 7. Then 0i = 3/7 + m l5 j3 2 = 
6/7 + W2, 01 = 2 + 5mi, and a 2 = 2 + mi + 2m 2 . If / is not birational, then 
a>i = a 2 = 2, Si, S 2 are /-vertical. Since dim | ^2 1 > 1, X is not a curve. 
Hence, X ~ P(l, 1, 2). Then we get a contradiction as in 17.5.11 

Hence the contraction / is birational. Then 

q = 2e + 5(si + mie) = 2e + Si + mie + 2(^2 + m2e). 

This gives us < s 2 + m 2 e = 2(si + mie) and q > 7. If Si + mie > 1, then 
si + mie = 3, q = 2e + 15, e > 2, g > 19, e > 3, and g > 19, a contradiction. 
Therefore, + mie = 1, s 2 + m 2 e = 2, si = 1, g = 2e + 5, g = 7, e = 1, 
and X — P(l 2 , 2, 3). The we get a contradiction as in 17.5.21 

7.7. Case [103 Then 0i > 5a, a x = 5/5 a - a > 24a > 2. In particular, this 
implies that /(-E 1 ) is a non-Gorenstein point. Assume that f(E) is the point 
of index 4. Near /(£') we have —Kx ~ A, so Pi = 1/4 + mi, where m x > 1. 
Hence, ai = hfi x — a = 1 + 5mi > 6. This implies that / is birational, 
q = 5 Sl + e + 5mie > 11, C1(X) ~ Z, si > 2, q > 17, si > 5, and q > 19, a 
contradiction. Therefore, /(.£>) is the point of index 12. Then we can argue 
as in the case [93 

7.8. Case [83 We show that in this case X is a hypersurface of degree 4 in 
P(l 2 ,2 2 ,3). The following is similar to Proposition 12.81 

7.8.1. Lemma. Let M be a del Pezzo surface with Du Val singularities 
such that = 6. The following are equivalent: 

(i) —Km ~q 3L for some Weil divisor L; 

(ii) Sing(M) consists of a unique Du Val point of type A 2 . 

(iii) M ~ M 4 C P(l 2 , 2, 3), where M 4 is given by Xix 3 + x 2 2 + x'f = 0. 

Similar to 13.21 it is sufficient to prove the following. 
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7.8.2. Proposition. Let X be a Fano threefold oftype&H Then a general 
member M e \2A\ is a Du Val del Pezzo surface of degree 6 such that —Km 
is divisible by 3 in C1(M). 

Proof. Put ^ := \2A\. As in l3.1l we show that the pair (X, ^K) is canonical. 
Assume the converse. In ( I2.4.4p we have < a = ft — a. Hence, ft > a 
and ft > \a. By (17T2T2]) we have 

ai = 5ft — a > 3ft, a 2 = ft + 2ft — a > ft + ft, ax, a-2 > 2. 

If / is not birational, then Sx and S 2 are /-vertical. Since dim l^l = 4, X 
is not a curve. Since diml^il = 1, the surface X is either P 2 or P(l 2 ,2). 
We have a contradiction because dim 1^1 = 4. Therefore, the contraction 
/ is birational. Write 

q = 5sx + axe = s± + 2s 2 + a 2 e > 7. 

If Sx > 2, then q > 13 and a > 1 because g(X) > 21. In this situation, we 
get successively /3i > 1, 01 > 4, g > 17, Si > 5, and q > 19, a contradiction. 
Therefore, s x = 1. By [ProlOl Th. 1.4 (vi)] X ~ P(l 2 ,2,3). Then 3 = 
dim |20| > dim \2A\ = 4. Hence, s 2 > 3 and a 2 = 0, a contradiction. □ 

7.9. Cases Take M = \2A\. Near the point of index 6 we have J% ~ 
-AK X . Hence, c < 1/4, /3 2 > 4a, and ft > 2a. If a > 1, then a 2 > 9a > 9 
by ( 17.2.2ft . Hence the contraction / is birational and g > 2s 2 + 9 > 11. In 
this case, s 2 > 4, q > 17, s 2 > 7, and g > 19, a contradiction. Therefore, 
a < 1 and f(E) is a point of index r = 2, 3, or 6. 

7.9.1. Subcase r = 2. Then a = 1/2, ft = 1/2 + mx, and ft = m 2 , where 
nii G Z, mi > 1, m 2 > 2. Hence, a x = 2 + 5m! > 7 and a 2 = 2m 2 + 
This implies that / is birational and 

g = 2e + 5(si + emi) = 2(s 2 + em 2 ) + si + emj > 7. 

If Si + emi > 1, then g > 13 and so sx + em\ is odd. Hence, g > 17, e > 2, 
g > 19, e > 3, and g > 19, a contradiction. Thus, sx + emi = 1 and so 
mi = e = 1, si = 0, g = 7, s 2 + em 2 = 3, s 2 = 1, This contradicts [ProlOt 
Th. 1.4 (vi)]. 

7.9.2. Subcase r = 3 and a = 2/3. Then ft = 1/3 + mi and ft = 

2/3 + 777.2, where mj e Z, mi > 1, and m 2 > 2. Hence, a± = 1 + 5mi > 6 
and a 2 = 1 + 2m 2 + mi. This implies that / is birational and 

g = e + 5(si + emi) = e + 2(s 2 + em 2 ) + si + em! > 7. 

By jProlOl Th. 1.4 (vi)] s 2 > 2, so g > 9, C1(X) is torsion free, s 2 > 4, 
g > 17, s 2 > 7, and g > 19, a contradiction. 
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7.9.3. Subcase r = 3 and a = 1/3. Then (3 1 =2/3 + m 1 and 2 = 1/3 + 

m2, where G Z, m 2 > 1. Hence, ai = 3 + 5mi and a 2 = l + 2m2 + mi > 3. 
If / is not birational, then it is generically P 2 -bundle and the divisors Si and 
S 2 are /-vertical. Since dim |S 2 | = 3, §2 must be reducible, a contradiction. 
Therefore, the contraction / is birational and 

q = 3e + 5(si + emi) = e + 2(s 2 + em2) + si + emi > 5, 
e + 2(si + emi) = s 2 + em 2 > em 2 . 

It is easy to see from the second relation that s\ + emi ^ 0. If si + emi = 1, 
then 2 = s 2 + e(m 2 — 1), s 2 < 2, q < 8, e = 1, and g = 8. By Lemma [2.6.21 



and Theorem 11.31 (ii) we get a contradiction. Thus si + emi > 1. As above 



we have q — 11. But then e < 0, a contradiction. 

7.9.4. Subcase r = 6. Then a = 1/6, /3\ = 5/6 + mi, and /3 2 = 4/6 + m 2 , 
where mj G Z> . Hence, ai = 4 + 5m! and a 2 = 2 + 2m 2 +mi. This implies 
that / is birational and 

q = 4e + 5(si + emi) = 2e + 2(s 2 + em 2 ) + si + emi. 

If Si + emi > 0, then q > 9, C1(X) is torsion free, s 2 > 4, g > 11. On 
the other hand, s 2 < (g — 3)/3 < 8. By Theorem 11.21 we get successively 
q < 13, s 2 < 5, si + emi = 1, q = 4e + 5, s 2 + em 2 = e + 2, e = 2, 
m 2 = 0, s 2 = 4, g = 14, a contradiction. Therefore, si = mi = and 
q = 4e = 2e + 2(s 2 + em 2 ). By Lemma [2.6.31 the group Cl(X) is torsion free 
and e = 1. Hence, q = 4 and s 2 + em 2 = 1. By Proposition 12.91 X ~ P 3 . 
Using (12.6.11) we write 

K x + 4^ = + Aj) + (b- 4 72 )5i, 

where + 4.y# ~ 0. Hence, 6 = 4 72 + 3 and so Q := /(Si) is a point. 
Since = |€?p3(l)| is a complete linear system and it is a base point free, 
we have 7 2 = and 6 = 3. Let C |^ P 3(1)| be the subsystem consisting 
of divisors passing through Q. Then 

K x + 4^f = f*(Kx + A J') + (b - 4 72 )Si. 

where 7 2 > 0. Then — 8 + 4m = b — 47 2 , where ~ mA. We obtain 
8 = 3 + 4m + 47 2 , where m > 1 because dim^' > dim \A\, a contradiction. 

7.10. Lemma. Let X be a Q-Fano threefold with qQ(X) = 5. IfqW(X) ^ 
q®(X), theng(X) < 8. 



Proof. Similar to Lemma [6.11 
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□ 



8. Case qQ(X) = 4 



8.1. Lemma. Let X be a Q-Fano threefold with qW(X) = Q(X) = 4 and 
g(X) > 22. Assume that B(X) ^ 0. Let —K x = AA. Then the group 
C1(X) is torsion free and we have one of the following cases: 





B 


A 3 


dim \ kA\ 




\A\ 


\2A\ 


\3A\ 


1 ~K\ 


1° 


(11) 


10/11 


2 


7 


16 


30 


2° 


(5,7) 


32/35 


2 


7 


16 


30 


3° 


(3,5) 


13/15 


2 


7 


16 


29 


4° 


(3,9) 


8/9 


2 


7 


16 


29 


5° 


(5) 


4/5 


2 


7 


15 


27 


go 


(13) 


10/13 


1 


6 


14 


25 


7° 


(5,9) 


34/45 


1 


6 


13 


25 


8° 


(7) 


5/7 


2 


6 


13 


24 


9° 


(11) 


8/11 


2 


6 


13 


24 


10° 


(3) 


2/3 


2 


6 


13 


23 



8.2. Now let X be a Q-Fano threefold with qQ(X) = 4 and g(X) > 22. 
We also assume that qQ(X) = qW(X). For the case qQ(X ) ^ qW (X) see 
Lemma EJ3 below. If B(X) = 0, then X ~ P 3 (see, e.g., JIF99] ). Hence, 
X is described in Lemma [8.11 and C1(X) is torsion free. We will show that 
cases [13 - [93 do not occur. The case I10°l is considered in |San96] . 

Thus we may assume that B(X) ^ and g(X) > 23. Put M := \A\. 
Let P G X be a point of index r', where we take r' as follows: 

[13123133I431531631731H319!] 

11 5 5 9 5 13 9 7 11 
34474 10 723 



No. 

r' 
m 



Here m is an integer such that < m < r' and ~ —mKx near P. Then 
a/f3i = c < 1/m (see 12 .4.5]) and so (3i > ma. We have 

Kx +45i +a l E ~ 0, 

Kx +2S 2 +a 2 E ~0, 

where 

(8.2.2) ai = 4/3i - a > (4m - l)a > 0, a 2 = 2(3 2 - a. 



3.2.1) 



8.2.3. Claim. f(E) is a point of index > 1. 
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Proof. Assume that f(E) is either a curve or Gorenstein point. Then ai > 7, 
so the contraction / is birational and we get successively q > As\ + 7 > 11, 
s i > 2, g > 17, si > 5, and q > 19, a contradiction. Therefore, /(£') is a 
cyclic quotient singularity of index r > 1 and a = 1/r. We also claim that 
<i2 > 0. Indeed, otherwise 2/3 2 = a = 1/r. On the other hand, (3 2 G £Z, a 
contradiction. □ 

8.3. Assume that / is not birational. By (18.2. ip the divisor Si is /-vertical 
and the class of the divisor /(5i) is a generator of C1(A). If X is a curve, 
then dim | S\ \ = 1 (cases |6°1 and 17°]) . Since dim|5 2 | > 2, §2 is /-horizontal. 
Then / is a generically P 2 -bundle, a 2 = 1, and 3l (S 2 ) = = ^(l). 
Thus S\ ~ P 2 is a general fiber. From the exact sequence 

— > ^(5 2 - 50 — ► ^(5 2 ) — ► <? 5l (5 2 ) — > 0. 

we get dim H° \0 'x(S~2 — Si)) > 7 — 3 = 4. Therefore, dim \ A\ = dim — 
Si\ > 3, a contradiction. 

Thus X is a surface. In cases and [73 we have ai > 3 by (18.2.21) . 
Hence these cases are impossible and so dim \Si\ = 2. Then X ~ P 2 . Since 
dim 1 > 5, ^2 is /-horizontal. Thus a 2 = 0, a contradiction. 

8.4. Therefore, the contraction / is birational. Then 

g = 4 Sl + a ie >5, g(X) > g(X) > 23. 
Hence, Cl(X) is torsion free. Consider the case q > 6. Then A ~ P(l 2 , 2, 3) 



by (i) (iv) of Theorem 11.31 Moreover, si — 1 and dim|5i| < dim|G| = 1. 
Thus we are in cases [63 or [73 By (18.2.21) we have ai > 3, so e = 1. Further, 
dim 1 52 1 > 6, so S2 = 3, 02 = 1, and IS2I is the birational transform of |36|. 
If f(F) is a non-Gorenstein point, then / is a Kawamata blowup |Kaw96] 
and our link is toric. This contradicts |Prol0l §10]. Thus f(F) is either a 
curve or a smooth point. On the other hand, the only base point of the 
linear system |5 2 | = |36| is the point of type ^(1, 1, 1). Hence, 5 2 = /*5 2 . 

Since e = 1 and C1(A) is torsion free, by Lemma 12.6.31 we have F ~ A. 
Using (12.6.11) write 

K x + 7 -S2 = r[K x + 7 -S 2 )+bF. 

Pushing this relation down to A we get b = —4 + 2- 7/3 = 2/3 ^ Z, a 
contradiction. 

Therefore, q = 5 and S\ = a\ = e = 1. Then by (v) of Theorem 11.31 we 
have either A ~ P(l 3 ,2) or g(A) = 23 (cases E3 or In the latter case, 
dim|0| > dim|5x| = 2, so again X ~ P(l 3 ,2) by Proposition I2.9[ Since 
ai — 1, by (18.2.21) we infer m < 3. Hence, we are in cases [T3, [H3 or [93 As 
above we have F ~ A and 

Ax + 55! = f(A x + 550 + (6 - 57i)^- 
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Thus 6 = 1 + 571 > 1. Since dim |5i| = dim |Si|, we have 71 = and 6=1. 
Since P(l 3 , 2) has no Gorenstein singular points, C := f(F) is a curve. 
Clearly, C is contained in E, where & X {E) = ^p(i3 )2 ) (1). By [Kaw96] 
the curve C does not pass through the singular point of P(l 3 ,2). This 
implies that C is a Cartier divisor on E ~ P(l 2 , 2) and so C is a complete 
intersection of members E G |^ > p( 1 3 j2 )(l)| and D G ,2){ a )\i a > 0. By 

(18.2. ip s 2 < 2. On the other hand, dim^l > dirndl = 6. Hence, the 
case H3 does not occur, s 2 = 2, and |20| is the birational transform of 
\2A\. As above, using ( I2.6.ip we obtain 7 2 = and 8—1. Hence E is the 
only element of |^ > P ( 1 3 2 )(1)| passing through C and no reduced irreducible 
members | ^p(i 3 ,2) (2) | pass through C. Therefore, a > 3. In this case, E 
is covered by a family of curves having negative intersection number with 
—Kx, a contradiction. 

8.5. Lemma. Let X be a Q-Fano threefold with qQ(X) = 4. Assume that 
the torsion part of C\(X) is non-trivial. Then g(X) < 19. 

9. Case qQ(X) = 3 

9.1. Lemma. Let X be a Q-Fano threefold with qW(X) = qQ(X) = 3 and 
g(X) > 21. Assume that B(X) ^ 0. Let -K x = 3 A. Then the group 
G\(X) is torsion free and we have one of the following cases: 





B 


A 3 


dim \k A\ 


\A\ 


\2A\ 


1 ~ K \ 


1° 


(4) 


9/4 


4 


14 


32 


2° 


(7) 


16/7 


4 


14 


32 


3° 


(2,4,4) 


2 


3 


12 


28 


4° 


(4,5) 


37/20 


3 


11 


26 


5° 


(2,4) 


7/4 


3 


11 


25 


6° 


(2,7) 


25/14 


3 


11 


25 


7° 


(2,10) 


9/5 


3 


11 


25 


8° 


(5) 


8/5 


3 


10 


23 


9° 


(8) 


13/8 


3 


10 


23 


10° 


(11) 


18/11 


3 


10 


23 


11° 


(2,2,2,7) 


23/14 


2 


10 


23 


12° 


(5,7) 


54/35 


2 


9 


22 



33 





B 


A 3 


\A\ 


\2A\ 


1 ~K\ 


13° 


(2) 


3/2 


3 


10 


22 



9.2. Now let X be a Q-Fano threefold with qQ(X) = qW(X) = 3 and 
g(X) > 21. If B(X) = 0, then X is a smooth quadric in P 4 (see, e.g., 
[IP99J). Thus we may assume that B(X) ^ 0. Then X is described in 
Lemma [9.11 and C1(X) is torsion free. In the case I13°l we have X ~ X 3 C 
P(l 4 ,2) by |San96j . We will show that cases [F] - EF] do not occur. 
Write 

(9.2.1) K x + 35i + a x E ~ 0, + & + S 2 + a 2 £ ~ 0, 
where 

(9.2.2) ai = 3/3i - a, a 2 = ft + /3 2 
In all cases we have dim \ A\ > 2. Put ^ := \A\. 



a. 



No. 

m 



9.3. Cases [T°ljl0 o l Let P G X be a point of index r', where we take r' as 

follows: 

T\ T\ W\ W\ W\ W\ T\ W\ W\ W\ 

474447 10 58 11 
353335723 4 

Here m is an integer such that < m < r' and ^ ~ —mKx near P. Then 
a/ P\ — c <l/m (see 12.4.51) and so /?i > ma. Hence, 

(9.3.1) ^ = 30i - a > (3m - l)a > 5a > 0. 

9.3.2. Lemma. X~P(1 2 ,2,3). 

Proof. If / is not birational, then S% is /-horizontal (because dim > 3). 
Restricting f)9.2.ip to a general fiber we obtain a\ — 0, a contradiction. 

Therefore, the contraction / is birational. In this case, q > 3si+a! > 4. If 
/(E 1 ) is either a curve or Gorenstein point, then we get successively a\ > 5, 
9 > 8, si > 2 (see [ProlOl Theorem 1.4 (vi)]), q > 11, Sl > 4, § > 17, 
s i > 7, g > 19, a contradiction. 

Thus /(-£/) is a point of index > 1. By Lemma [2771 a < 1. Then by Lemma 
EOg(X) > g(X) > 22. Using Theorem Q and [(I)]f(iv)1 of Theorem Q 
we get either X ~ P(l,2,3,5), P(l 2 ,2,3), or q < 5. If X ~ P(l,2,3,5), 
then dim|3B| = 2, sj > 4, q > 3si > 13, a contradiction. Thus we may 
assume that 4 < g < 5. Then by Lemmas 17.101 and 18.51 the group C1(X) is 
torsion free. If X is singular, then by Proposition 12.91 we have dim |0| < 2, 
so si > 2 and q > 7, a contradiction. It remains to consider the case where 
X is smooth. Then q = 4 and X ~ P 3 . Since |20| = 9 and dim \2A\ > 10, 
we have s 2 > 3. On the other hand, a 2 = j5\ + /3 2 — a > (m — l)a. Hence, 
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a 2 > 1. We get 4 = q > Si + s 2 + a 2 > 5. The contradiction proves the 
lemma. □ 

9.3.3. By the above, Si = 2 and a\ — e = 1. Hence, dim |20| = dim \A\ = 3 
and the linear system |2G| is the proper transform of \A\. By Lemma [2.6.31 
F ~ A. Using f l2XTj) write 

+ = f* (Kt + ISi) + {b- f 71) F = (b— | 7l ) F, 
K X + 7E = f* (k x + 7f) + (b-75)F=(b- 75) F. 
Pushing these relations down to X we get 

b= l -+ 1 - ll = -?> + 75. 

Hence, b > 1/2. On the other hand, Bs |20| is the point of index 3 and it 
is a cyclic quotient singularity. By [Kaw96j f(F) ^ Bs |26|, so 71 = and 
6 = 1/2= 5. Write 

K ± + E + 6B ~ 0, 
where B is a general member of |G|. By taking the pull-back we get 

~ f*{Kx + E + 6B) ~ Kx + E + 65 + AF, 
where A > 5 — 6 = and dim |F| > 1. Therefore, 

K x + 6F + AF ~ 0. 
This contradicts qQ(X) = 3. 

9.4. Cases lll°l and I12°i Near the point of index 7 we have — 5Kx ~ A. 
By Lemma [2.4.51 c < 1/5. Hence, /?i > 5a and ai > 14a > 2. 

9.4.1. Lemma. f(E) is a point of index 7. 

Proof. Assume the converse. If f{E) is either a curve or Gorenstein point, 
then q > 3si + 14e > 17. Hence, e = 1. On the other hand, |0| = 0, 
a contradiction. Therefore f{E) is a point of index r = 2 (resp. r = 5) 
in the case lll°l (resp. in the case I12°l) . We have a\ > 3. If / is not 
birational, then X ~ P 1 and / is a generically P 2 -bundle. Moreover, S\ is 
/-vertical. This contradicts dim|S'i| = 2. Therefore, / is birational. Then 
q = 3si + aie > 6. On the other hand, g(X) > 21, so X ~ P(l,2,3,5), 
P(l 2 , 2, 3) or X 6 C P(l 2 , 2, 3, 5) by Theorem Q and [(I)|f(iv)1 of TheoremO 
Since dim|Si| > dim|y4| = 2, we have \Si\ 7^ |0|, so si > 2, g > 9, and 
X ~ P(l, 2, 3, 5). In this case, Si > 3 and q > 16, a contradiction. □ 

9.4.2. Thus a = 1/7, /?i = 5/7 + mi, and /3 2 = 3/7 + m 2 , where mi, m 2 are 
non- negative integers. Hence, ai = 2 + 3m x > 2 and a 2 = 1 + mi + m 2 > 1. 
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9.4.3. If / is not birational, then mi = 0, a± — 2, Si is /-vertical. Since 
dim |if?i| = 2, X is not a curve. Thus / is a Q-conic bundle, X ~ P 2 , f*\Si\ 
is the complete linear system of lines on X ~ P 2 , and i£ is a generically 
section of /. In this situation, there is an open subset U C X such that 
X \ U is finite, is smooth, / induces a P 1 -bundle f~ l {U) — >■ £7, and 
EC\ f~ x {U) is its section. We may assume that Si C / _1 (i7), so /l^ : Si — > 
/(Si) is a (smooth) P 1 -bundle. Let £ be a fiber of the projection f\§ 1 : Si — > 
/(Si) and let E be its minimal section. Let n := — E 2 . Restricting the first 
relation of (19.2.11) to Si we get 

-K Sl = {—K x - Si)\ Sl = 2S x \s, + 2E\ §1 = 2E\ Sl + 21. 

Here E\§ 1 is an irreducible curve, a section of f]^ : Si —> /(Si). On the 
other hand, 

-n = -K Sl ■ E - 2 = 2i% • E + 2£ ■ E - 2 = 2i% ■ E > 0. 

This gives us n = 0, i.e. Si ~ P 1 x P 1 , and E]^ ~ E. Further, the divisor S 2 
is /-horizontal. Indeed, otherwise S 2 ~ 2 Si and dim|S 2 | = dim | £?p2 (2) | = 
5, a contradiction. Since a 2 > 1, the second relation of (19.2. ip can be written 
as K x + Si + S 2 + E ~ 0, so S 2 ~ 2S\ + E. Clearly, E is a fixed component of 
the linear system |S 2 — S\\ = \Si+E\ (otherwise dim|Si + i?| > dim|S\| = 2 
and so dim |Si| > 2). Hence, dim \S 2 — Si\ = dim |Si| = 2. From the exact 
sequence 

— ► e x {s 2 - so — > <? x {s 2 ) — > <? Sl {s 2 ) — ► 

we get 

dimH°(^ §1 (S 2 )) > dimH°(0 x (S 2 )) - dimF (^(S 2 - S 1 )) > 7. 
On the other hand, S 2 \$ 1 ~ (2S\ + E)g 1 ~ E + 2£ and so 

dimF°(^pi xPl (E + 21)) = 6, 

a contradiction. 

9.4.4. Now let / be birational. Then 

q = 3si + die = 2e + 3(si + mie) > 5. 

On the other hand, g(X) > 21, so either q < 7 or X ~ P(l, 2, 3, 5) by 
Theorem 11.21 and (i) (iv) of Theorem 11.31 By Lemma [2.31 the group Cl(Jf) 
is torsion free. 

9.4.5. Subcase q < 7. Then s\ = 1 and e < 2. In particular, g ^ 6. 
By Proposition 12.91 we have X ~ P(l 3 ,2). Then e = 1 and a\ = 2. Since 
dim |0| = dim \A\, the linear system |0| is the proper transform of |^4|. 

As in the case 19.3.31 using (12.6.11) we get 

b = 2 + 571 = 56 - 3 > 2. 
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Hence Q := f(F) is a smooth point. Since Bs |B| coincides with the point 
of index 2, we have f(F) cjL Bs |0| and 71 = 0. Then 6 = 2 and 5 = 1. Let 
be the subsystem of |9| = |5i| consisting of divisors passing through Q. 
Write 

rA = ^x + i x Fi 

where C X is the proper transform and 7^ > 0. Then 

~ f*(K x + 3^i + 2£) ~ + 3^i + 2E + 3^[F. 
We get a contradiction with g = 3. 

9.4.6. Subcase X ~ P(l,2,3,5). Then sj > 3 and s 2 > 7. From the 
second relation of (19.2. ip we get 11 = q = s± + s 2 + e(l + mi + m 2 ). On the 
other hand, 9 = dim|7G| > dim|5^ 2 |- Thus dim|2A| = 9. This is possible 
only in the case I12°[ Moreover, s\ = 3, s 2 = 7, e = 1, a\ = 2, and a 2 = 1. 

Further, dim|30| = dim|A| and |30| is the proper transform of \A\. 
Similarly, |7G| is the proper transform of \2A\. As in the case 19.3.^1 using 
(12X11) we get 

b - 2 11 - 1 11 > 2 

~ 3 + y 71 ~ 7 + y 72 - 3' 

Hence Q := f(F) is either a smooth point or a curve |Kaw96] (otherwise 
f(F) is a point of index r = 2, 3, or 5, 71 G \7L and b > 1/r). In this 
case 6 is an integer, so 71, 7 2 > 0. This means that f(F) C Bs|36| and 
f{F) C Bs 1 70 1 . On the other hand, Bs|70| fl Bs|30| is given by {x\ = 
X3 = X2X5 = 0} C P(l,2, 3,5). Thus f(F) is a point of index 2 or 5, a 
contradiction. 

Finally, as in previous sections, we need the following. 

9.5. Lemma. Let X be a Q-Fano threefold with qQ(X) = 3. IfqW(X) ^ 
qQ(X), theng{X) < 16. 

Proof. By |ProlO[ Lemma 3.2 (iv)] there is a 3-torsion element 5 e C1(X). 
Let Pi, . . . , Pk G X be all the points where the divisor 5 is not Cartier and 
let 7*1, . . . rfc be indices of these points. According to |ProlO[ Prop. 2.9] we 
have Yl r i = 18, where each is divisible by 3. Therefore, 

-K x • c 2 < 24 - ^(r, - l/n) = Q + J2 < 8- 
By |Suz04l Proposition 2.2] 

(4qQ(X) - 3)(-K x ) 3 < AqQ(X) 2 (-K x ■ c 2 ). 
Hence, -K\ < -AK X ■ c 2 < 32. By |Pro07l (2.5.3)] we get 

g (X) < l -(-K x f + 2 = 17. 

□ 

37 



References 

[Ale94] V. Alexeev. General elephants of Q-Fano 3-folds. Compositio Math., 91 (1):91— 
116, 1994. 

[BKR10] G. Brown, M. Kerber, and M. Reid. Fano 3-folds in codimension 4, Tom and 
Jerry, Part I. ArXiv e-prints, September 2010. 

[GRD] G. Brown and others. Graded ring database, http : / / grdb . lboro . ac . uk] 

[BS07] G. Brown and K. Suzuki. Computing certain Fano 3-folds. Japan J. Indust. 
Appl. Math., 24(3):241-250, 2007. 

[Fu86] M. Furushima. Singular del Pezzo surfaces and analytic compactifications of 
3-dimensional complex affme space C 3 . Nagoya Math. J., 104: 1-28, 1986. 

[IP99] V. A. Iskovskikh and Yu. Prokhorov. Fano varieties. Algebraic geometry. V., 
Encyclopaedia Math. Sci. 47, Springer, Berlin, 1999. 

[Kaw92] Y. Kawamata. Boundedness of Q-Fano threefolds. In Proceedings of the Inter- 
national Conference on Algebra, Part 3 (Novosibirsk, 1989), Contemp. Math. 
131, 439-445, Providence, RI, 1992. Amer. Math. Soc. 

[Kaw96] Y. Kawamata. Divisorial contractions to 3-dimensional terminal quotient sin- 
gularities. In Higher- dimensional complex varieties (Trento, 1994), 241-246. de 
Gruyter, Berlin, 1996. 

[KawOl] M. Kawakita. Divisorial contractions in dimension three which contract divisors 
to smooth points. Invent. Math., 145(1):105-119, 2001. 

[Kaw05] M. Kawakita. Three-fold divisorial contractions to singularities of higher in- 
dices. Duke Math. J., 130(1):57-126, 2005. 

[Mor75] S. Mori. On a generalization of complete intersections. J. Math. Kyoto Univ., 
15(3):619-646, 1975. 

[MP08] S. Mori and Y. Prokhorov. On Q-conic bundles. Publ. Res. Inst. Math. Sci., 
44(2):315-369, 2008. 

[Pro] Y. Prokhorov. Pari code for searching Q-Fano 3-folds. 

|http : //mech . math . msu . su / algebra/wiki/doku . php/ staff : prokhoro v: q-f ano[ 
[Pro07] Y. Prokhorov. The degree of Q-Fano threefolds. Russian Acad. Sci. Sb. Math., 

198(11):1683-1702, 2007. 
[ProlO] Y. Prokhorov. Q-Fano threefolds of large Fano index, I. Doc. Math., J. DMV, 

15, 843-872, 2010. 

[Rei] M. Reid. Graded rings and varieties in weighted projective space, preprint. 
[Rei87] M. Reid. Young person's guide to canonical singularities. In Algebraic geometry, 

Bowdoin, 1985 (Brunswick, Maine, 1985), Proc. Sympos. Pure Math. 46, 345- 

414. Amer. Math. Soc, Providence, RI, 1987. 
[RS03] M. Reid and K. Suzuki. Cascades of projections from log del Pezzo surfaces. In 

Number theory and algebraic geometry, London Math. Soc. Lecture Note Ser. 

303, 227-249. Cambridge Univ. Press, Cambridge, 2003. 
[San96] T. Sano. Classification of non-Gorenstein Q-Fano rf-folds of Fano index greater 

than d - 2. Nagoya Math. J., 142:133-143, 1996. 
[Sho85] V. V. Shokurov. A nonvanishing theorem. Izv. Akad. Nauk SSSR Ser. Mat., 

49(3):635-651, 1985. 

[Suz04] K. Suzuki. On Fano indices of Q-Fano 3-folds. Manuscripta Math., 114(2):229- 
246, 2004. 



38 



Department of Algebra, Faculty of Mathematics, Moscow State Univer- 
sity, Moscow 117234, Russia 

Laboratory of Algebraic Geometry, SU-HSE, 7 Vavilova Str., Moscow 
117312, Russia 

E-mail address: prokhoro@gmail.com 



39 



